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Abstract: This study proposes a Bayesian framework for estimating parameters in partial differential equation (PDE)
models of viral dynamics. We develop a computational methodology combining Markov Chain Monte Carlo (MCMC)
sampling with B-spline basis expansions to address inverse problems in COVID-19 immunology. Applied to clinical data
from 30 patients, the model quantifies lymphocyte recruitment kinetics and infection rates during SARS-CoV-2
pathogenesis. Key results demonstrate: (1) mean daily lymphocyte recruitment rate X' = 11.87/day (range: 6.55—-14.66),
and (2) mean infection rate of pulmonary/lymphoid cells 8 = 3,556 cells/mL (range: 2,290-5,699). The Bayesian
estimator achieved 93.2% posterior coverage probability, confirming its efficacy in characterizing immune response
dynamics. These findings provide clinically actionable parameters for optimizing antiviral therapies through precise

quantification of host-pathogen interactions.

Notably, A reflects the immune system's capacity to mobilize lymphocytes, with elevated values predicting rapid viral
clearance and recovery. In contrast, B serves as a biomarker of viral infectivity severity, where higher values signal
increased tissue-level viral load and a greater risk of adverse clinical outcomes.

Keywords: Parameter estimation, Partial differential equations, Bayes Method, Covid-19.

INTRODUCTION

The COVID-19 pandemic has generated profound
worldwide health and socioeconomic effects, with latest
epidemiological surveillance confirming over 772
million showed infections and drawing close 7 million
fatalities international [16]. This crisis has accelerated
the integration of mathematical modeling with clinical
virology with medical virology, revealing important
insights into spatial-temporal sickness development.
Partial differential equations (PDEs) serve as essential
tools for modeling such complicated biological
structures, permitting particular characterization of
phenomena ranging from atmospheric turbulence to
immunological cascades [11,13]. Their software to viral
pathogenesis has established especially valuable,
shooting gradient-structured dynamics of host-
pathogen interactions that normal differential equations
cannot constitute [7,14].

Despite their analytical strength, PDE models face
good sized implementation limitations in medical
research. Biologically sensible structures rarely admit
closed-form answers [7], necessitating numerical
approximations that introduce computational instability.
More severely, parameter estimation — determining
coefficients that align theoretical fashions with empirical
observations — becomes tremendously difficult while
operating with sparse, noisy scientific datasets [8,14].
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This hindrance is in particular reported in
immunological modeling, in which parameters
governing cellular interactions showcase full-size inter-
patient heterogeneity but require specific quantification
for predictive accuracy [4,15].

Similar empirical Bayesian techniques have been
successfully applied to stratify COVID-19-related
cardiovascular mortality using Lorenz and Gini metrics,
further supporting the adaptability and robustness of
Bayesian parameter estimation in complex clinical data
[16].

Current  methodologies  showcase  continual
limitations while applied to scientific virology.
Frequentist optimization strategies frequently forget
parameter uncertainty in sparse medical observations,
even as deterministic solvers call for biologically
fantastic boundary situations [2,9]. Conventional
Bayesian frameworks come to be computationally
intractable beyond mild-dimensional parameter areas
[1,8]. These collective shortcomings have installed a
essential research hole: no matter PDEs supplying
theoretically = best  frameworks  for  modeling
immunological tactics like T-mobile migration in
infected pulmonary tissue [15], no studies have
correctly envisioned their parameters the usage of real-
world clinical records from COVID-19 sufferers. This
hole persists amid clinical evidence that lymphocyte
depletion correlates with substantially increased
mortality risk [4] and that spatial heterogeneity in viral
distribution drives differential remedy responses [15].
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To address those demanding situations, this studies
develops a novel hierarchical Bayesian framework
incorporating B-spline  basis  expansions  for
dimensionality reduction while preserving crucial
gradient records [3]. The methodology implements
adaptive Markov Chain Monte Carlo sampling with
precision-weighted blunders modeling to separate
dimension noise from structural uncertainty. Crucially,
we combine empirical clinical statistics from 30 COVID-
19 instances at Al-Hussein Teaching Hospital, inclusive
of longitudinal CD4 /CD8 T-cell counts and viral load
measurements.

Our approach specifically targets the PDE system
governing SARS-CoV-2 pathogenesis:

0T1
at

Literature Review

The parameter estimation of partial differential
equations (PDEs) constitutes a fundamental
undertaking in mathematical biology, especially whilst
modeling spatially resolved biological systems where
gradient-driven dynamics govern physiological tactics
[7,14]. Traditional frequentist processes to inverse
troubles in PDEs, consisting of regularized least-
squares optimization, regularly be afflicted by
insufficient uncertainty quantification in excessive-
dimensional parameter areas and showcase restrained
robustness with sparse scientific data [9,12].
Deterministic numerical solvers, even as theoretically
able to dealing with complex boundary situations,
regularly impose biologically unrealistic constraints that
compromise medical translatability [2,12]. Bayesian
frameworks have emerged as effective alternatives,
incorporating  prior  expertise via  opportunity
distributions to regularize sick-posed issues at the
same time as certainly quantifying uncertainty in
parameter estimates [1,8]. Xun et al. [14] established
that hierarchical Bayesian models coupled with B-
spline basis expansions allow strong estimation of
bodily machine parameters in elliptic PDEs, achieving
convergence where traditional methods failed.
Nevertheless, those advances continue to be in large
part untested in clinical virology contexts.

In infectious disease modeling, normal differential
equations (ODEs) predominate in spite of their inability
to capture spatial heterogeneity - a vital limitation given
latest findings by way of Xu et al. [15] revealing
enormous spatial gradients in SARS-CoV-2 distribution
inside pulmonary tissue. This spatial measurement

profoundly influences immune cell recruitment
dynamics, as showed through Gao et al. [4] who
installed lymphocyte depletion as a cardinal prognostic
indicator in COVID-19 mortality. While Mason [10]
theoretically proposed PDE frameworks for respiratory
virus dynamics, no research have operationalized
spatially resolved fashions with empirical
immunological records. Bayesian P-spline strategies
show unique promise for such programs via their
adaptive smoothing mechanisms that automatically
stability fidelity to statistics against version complexity
[3,8]. Verdoy's utility of stochastic PDEs to wildfire
unfold [8] validated MCMC's potential to sample high-
dimensional posteriors in spatiotemporal structures, yet
analogous implementations for viral pathogenesis are
conspicuously absent.

The convergence of three methodological gaps
creates a critical studies void: First, existing lymphocyte
interplay fashions rely on ODEs that can not remedy
spatial contamination gradients [10]. Second, medical
parameter estimation neglects uncertainty propagation
from dimension mistakes to healing predictions [1,9].
Third, modern Bayesian implementations lack clinically
confirmed priors for immunological strategies [3,14].
Consequently, no matter the installed correlation
among lymphocyte kinetics and clinical results [4,15],
the fundamental parameters governing spatiotemporal
immune-viral interactions - inclusive of lymphocyte
recruitment rates (A), contamination coefficients (B),
and spatially varying clearance functions (8) - continue
to be unquantified within the literature. This deficiency
impedes the development of precision antiviral cures
tailored to character immune-viral dynamics. Our
studies without delay addresses this void through the
primary integration of empirical clinical lymphocyte
counts with hierarchical Bayesian PDE estimation.

PARTIAL DIFFERENTIAL EQUATION

e Partial differential equations (PDEs) are
fundamental mathematical tools for modeling
complex structures that evolve over multiple

dimensions, together with physical, biological, and
engineering phenomena [11,13]. A PDE entails an
unknown characteristic of several impartial variables
and its partial derivatives. The most general shape
of a 2nd-order PDE for a structured variable z and
independent variables x and y may be expressed
as:

* G(X'y' Z ox’ dy’ ox2’ axay’ ay2’ "

)=0 1)
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* Variable Explanations:
* x,y: Independent variables

* z: Dependent variable (unknown function)

o % First-order partial derivative with respect to x

2
. %: Second-order partial derivative with respect to x

0%z g . . .
xy Mixed partial derivative

* G: A function representing the relationship between
the variables and their derivatives

BAYESIAN METHOD
PARAMETERS OF PDE

FOR ESTIMATING

A partial differential equation is used to model
complex systems in applied sciences such as biology,
finance, etc. [14]. Experts usually suggest PDE models
based on their previous knowledge and understanding
of the system, which often contains parameters
representing scientific explanations [1]. They are of
interest to experts and researchers. Still, the values of
these parameters are often unknown, and we need to
estimate them through the experimental measurements
of that system and estimate measurement errors [7].
Ordinary analytical methods cannot solve most partial
differential equations. Still, it is required to solve them
using numerical analysis methods that require many
default values and often work with them require high
arithmetic work. In this case, a way must be found to
estimate the partial differential equation parameters
that need arithmetic work Less time and more accuracy
[8]. The Bayesian method is one of the efficient and
accurate methods for estimating the parameters of the
partial differential equation, which depends mainly on
the expansion of the base function) [9]. In the partial
differential equation and finding a( joint posterior)
model by using the data of the studied system or state
and the partial differential equation and developing a
new hierarchical model using the Markov Monte-Carlo
chain simulation (MCMC), The process that represents
the partial differential equation is described by
expressing it as a parametric function through linear
combinations of the base states of the type B (B-
Spline), which are estimated using the segments of
type P So that the coefficients of the base functions are
distinguished by an initial distribution that contains the
information of the partial differential equation model.
The data of the partial differential equation and the
initial distribution are combined to obtain a joint
posterior distribution [2,3].

Earlier work in this journal has demonstrated the
use of Bayesian estimation paired with Lorenz curve
analysis to model cardiovascular health outcomes |,
indicating methodological congruence with the
approaches used here [17].

Let us say we have the operation {X,} at data points
t; (i=1,2,...,p) where

ty > . >t > b
which are based on data points T X = (th, ...... ,ti)

The operation [g(x) _t) is modelled using the
following partial differential equation

dg 99 ag
xl,xz,....,xp,g(xt),a,a—xz,....,@, o 2
f d%g a%g a%g 0 - ( )
0x10x1 " 0xp0x, " 7’ Oxpdxp P
Since

g: is the dependent variable (state variable) are the
independent variables: x; = (x;, x5, ..., x, )

Parameter's vector of partial differential equation :©

The right-hand term of Equation (2) has its
parameter formula in [g (x) _t) and its partial
derivatives, but in practical life [g (x) _t) cannot be
measured precisely (observed) but there will be a
random error, which is expressed by observation
[Y (x] _t) to have the following model

Y(x) =9g(x) + & (3)
i=12,...,p

E; : Measurement errors, which are assumed to have a
normal distribution as Gaussian, with a mean of zero
and a constant variance g_i*2

Thus, the main objective will be to estimate the
unknown parameter(s) © that is within equation (2) has
(noise), in addition to determining the inaccuracy in
those estimates

The first step in the Bayes method of estimation is
to express the partial differential equation in (2) with a
non-parametric  function defined as a linear
combination of the essential functions and as follows

g(xy) = Tk=1 b (X)B =bT X B 4)

vector basic functions bT X = {b, (x), ... ... b ()}

vector base functions coefficients: g = (B, ... ... BT
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Using B-Spline base functions, non-zero functions
in short partial intervals have built-in support. Because
of this feature, B-spline base functions are helpful for
efficient computation and numerical stability.

By defining the base functions by their degree (the
number of nodes sites) and by substituting (4) in (2),
we get

X1, %X, e, Xp, BT X B,
obT X obT X obT x 9?bT x 9%bT X
f x; " 9x, T 0xp T 0x,0x;  0x,0x, " 0 =0 (5)
9257 x ﬁ,....,_
Y 0x,0x,

When the partial differential equation is linear with
admire to the established variable and its partial
derivatives, Equation (five) can be notably simplified.
This linearity allows the PDE to be represented as a
linear aggregate of foundation features and their
derivatives. For a gadget with P independent variables

X1, X4, ..., Xp, the linear PDE takes the form:
apT ( ) p b7 (x)
X1, X9, e, Xp, BT () B, o =5, 6x2" B, ...,
f 927 (x) , 927 (x) 0 -
6x% ’ 0x4 0x5 B' =
T abT(x) abT (x) 9%pT (x)
F (b() i ,...,Q)B (6)
Equation Components
*  b(x) =[by(x),by(x), ..., b (x)]T: Vector of basis
functions (B-splines)
e B =[BuBy -, Bk]": Coefficients of the basis
functions
e FT: A linear functional combining the basis

functions and their derivatives
e 0: Parameters of the partial differential equation

Mathematical Insight

This formulation reduces the problem to a system of
linear equations that can be solved numerically, since:

(Z b (x)ﬁk> Z (ab"(ix)>ﬁk

The Bayesian P-Spline method is one of the
methods that deal with inaccuracy (uncertainty) through
the previous distribution of the smoothing parameter. In
this method, there is a penalty limit (Penalized term)
On the smoothing estimator function instead of using
an ideal smoothing parameter as in the usual ways,

and the Bayesian Model mixes the model concerning
that parameter (smoothing parameter) and because
there is no prime function that exactly represents the
partial differential equation that there will be an
approximation error and it can be considered as an
error random

{7 0B; 8} = £(x) (7)
&;(x;): random error

To estimate the unknown parameters of the PDE
system under uncertainty, we formulate a Bayesian
prior over the coefficients of the B-spline basis and the
model parameters.

Equation (8) defines the prior distribution over the
spline coefficient vector B, conditioned on the model
parameters 6 and three precision hyperparameters vy,
y1, and y,. These hyperparameters control the level of
smoothness and penalization applied to the fitted
function and its derivatives:

It is assumed to have a normal distribution as
Gaussian with a mean of zero and a constant
variance &;(x;)~N(0,y51)

Yo : The precision parameter must be large enough
so that the rounding error in solving Equation (2) is
small

Instead of using a single optimal value for the
precision parameter y, , an initial distribution will be
assigned, and the assumption of the modelling error
distribution in (7) and the substantial penalty constraint
will result in a prior distribution on the B base treatment.

K

Y1 Y2l < (Yo v1v2)ze

{ ~voeT(B.OEB.O)
2

BT(yiHitva Hatva VzHg)B}
2 (8)

[

K: Represents the number of base functions
Precision parameter (adjustment): y,

* The first term penalizes deviations from the PDE
structure—essentially, it enforces the constraint
that the estimated function satisfies the PDE
approximately.

* The second term imposes a smoothness penalty,
ensuring that the solution is regularized and
avoids overfitting noisy data.

* The matrices H,,H,, H; capture the second-
derivative smoothness properties of the spline
basis.
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Equation (9) defines the residual (or model
mismatch) function &(B, 6), which evaluates how
closely the current B and 6 satisfy the PDE constraints:

£(,0) = fT{b" ()p; 0} .. f7 {b7 ()5 6} 9)

This residual becomes small when the chosen (3
and 0 align with the structure of the PDE system, and
thus this term is essential to ensure model fidelity.

The Bayesian framework requires the specification
of the joint posterior distribution, which combines prior
knowledge with the observed data. For our complete
parameter set ® = (0,y,8,02)T and v = (v, v1,72)7,
the full posterior distribution is given by:

h(o1y)
a1 (ag+D)- b 2 by, —076
( Lo )(az) (eer2)exp (- 2 - 0l 0)

exp (~ T2 €7(8,6)€(8,6) - %ﬁT(hHl +72Hy + 11y, H3)B) X

exp (=303 (Y = BAY (Y ~ Bp)
I, (Hf:o Ylal+T1) (agz)_(“f"%)‘lexp (— ,l;_é _Z=oby =670 GTH) X

2
20,

exp (~L2E7(8,0)E(8,0) 3 B (riHy + 2y + 11v2Hs)B) X

exp (— ey (Y = BRYT(Y — Bﬁ)) dpdedozdy
Component Explanations

1. Prior Distributions

K2

% v, ~Gamma(a,b,): Gamma priors for precision
parameters

% 02 ~ Inv-Gamma(a,, b,): Inverse Gamma prior for
the error variance

¢ 0 ~N(0,dZ):
parameters

Gaussian prior for the PDE

2. Likelihood Components

% exp (— % ETE): Penalty for PDE structure adherence

Smoothness

R 1
* exp (—EBTQﬁ):
Q =yHy +v,H; + 1Y, H3)

penalty  (with

o _L _ 2. iy
* exp( 202 Iy —-Bgl ) Data fitting term
3. Structural Matrices

% H,=BT'B, ®DID,

% H,=D{D,

% Hy;=DID, ® DID,

Since
Matrices of one-dimensional base function: B,

Difference matrix of degree th ofm!* size:=
1,2¢(k, — m)k, :D,

The number of base functions for each
dimension: k,
We will assume that the initial distribution

associated with 62 and y, and PDE is as follows
02~1G(ag, bg) ; =1,2,3
y.~Gamma(a, b ), y;~Gamma(a,, b;), y,~Gamma(a,, b,).
PDE~N(0, 631)
Too much contrast to remaining uninformative

we will code

T
b= Cr.B o) andy = (v,7,7,)

Based on the above model and the previously
specified distributions, the subsequent distribution of
the unknown parameters, so quation (10) expresses

the joint posterior distribution e over all model
parameters:
w(3)
[y oS (e B (o ) (B g, B (s v v s u-apfr-ep)
([ Il,’;“rf'"f?‘(ufl \n,‘;;rlef-;bf-“‘—‘*—v" 'i_,";'ﬂ‘\t S LR Rt Mg+ 2 M= yy v Ma(203) ™ 0r=0)7 '_”'j'dy.w
(10)
Here,

® = (6,v,8,02)P = (8,Y,B,02)® = (0,y,8,0€2) is the
full set of unknowns. The posterior combines:

* Informative priors for precision and PDE parameters

e Penalty terms from model mismatch (via Equation
8)

* Data fidelity term from the likelihood.

This  probabilistic  formulation accounts for
measurement  noise, model uncertainty, and
regularization, enabling robust parameter inference.

Finally, Equation (11) provides the Bayesian
estimator of the unknown parameters under a quadratic
loss function:
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5 B 5 o2, (9 5
ﬁBayes:E(L(E—Q)) _Lg(g Q) h(]’) dQ

K n
aty—g —(ag+3)-1
le=0y|,l 2 l(aé) (5 z)

<_L£_w> 70T (B.9)E(8.9)

R e e LD
-1

(137< Y1 H1+v2 Ho+ vy vz H3(20) (V—B/r)T(v—Bm>

e

-1, @-o) aa (1)

2 T,

K (ags2) _Lg_iz:obz#
2 atz—g, p\—lagtz)-1 P 20"
Mizo 7. (o7) P et e o

T,
Jo (_ o€ (B.ZB)S(B,B)_ )M)
- e

-1
(ﬁT< Y1H1+ vz Hy+ vy vp H3(202) (Y—Bﬂ)T(Y—Bﬁ))
e dpde

This estimator integrates over the posterior
distribution, offering a mean value of 6 that accounts
for all sources of uncertainty.

Computational Implementation via Gibbs Sampling

To sample from the complex joint posterior
distribution defined in Equation (10), we implement a
hybrid Gibbs sampler that incorporates Metropolis—
Hastings (MH) updates for parameters without closed-
form posteriors. This allows us to estimate the
parameters efficiently despite the model’s hierarchical
and nonlinear nature.

Initialization

We begin by assigning initial values drawn from
their respective priors:

B© ~ N(0,I): Initial basis coefficients

e 60© ~ N(0,0Z1,,): Initial PDE parameters
(0) G _
e v, ~ Gamma(a, b,),fort =
0,1,2: Precision parameters

Inverse — Gammal(a,, b.): Observation noise variance

We run four parallel MCMC chains, each for 10,000
iterations, and discard the first 5,000 samples from
each as burn-in. To reduce autocorrelation, every 5th
sample is retained (thinning factor = 5).

a. Update Mechanism

Generate candidate g* ~ N (8¢~1,3;)

Compute acceptance ratio:

* Accept g with probability «

. min<1 p(B 1) q(pev |ﬁ*)>
"p(BEV ) q(B* | BEV)

b. Update PDE Parameters 6®

The conditional distribution for 0 is:

t-1) "
p(6 1) < exp (— B e es s 0))’
1 ) i=1
-=—076
204

* Propose 6/ = Hj(t_l) + €; with €; ~ N(O, asztep)

* Adapt oy, during burn-in during burn-in to maintain
~25% acceptance rate.

c. Update Precision Parameters y,, vy, 7,:

Each y@ has a conjugate Gamma posterior:
K 1
v ~ Gamma (aL + > b, + E,B(t)THUB“)>
d. Update Error Variance o?

The observation noise follows an Inverse-Gamma
posterior:

n 1
agz(t) ~ Inv-Gamma (aS + E,bg + > Iy —Bg® II2>
Convergence Diagnostics

To ensure convergence and reliability:

* Compute the Gelman —
Rubin statistic R for each parameter (target: R <
1.05)

* Assess trace plots, posterior density overlap, and
effective sample size (ESS)

MODELLING OF VIRAL DYNAMICS IN COVID-19

This section dealt with a simulation of the behaviour
of the (Covid-19) virus to identify its actual conduct by
adopting accurate data for (Covid-19) virus patients
using the BES method that was presented on the
theoretical side [4]. The study of virus dynamics in
(covid-19) is of great importance because it provides
insight into the process of virus and infected cells
behaviour and elimination during antiviral therapy
doses as (covid-19) disease have spread throughout
the world, it is an infectious disease caused by infection
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with the (covid-19) virus [15]. Many mathematical
models have been used to study the features that
cause Corona disease through the interaction between
the virus, cells, and immune responses [5]. In this
research, we used three models to study virus
dynamics. The first is the simple basic model, which
includes only target cells and virus-infected cells.
Variations in the Model were used to study intra-host
dynamics for many cases of viral infection, Such as the
acquired immunodeficiency virus, viral hepatitis, and
influenza. The second model may include the stage of
fading (decay) of the virus, which was in the first
primary model, and the third had the secondary target
cells of the infectious virus [10].

Therefore, the primary target cells in the virus
infection dynamics are

1. Uninfected cells. cells that have not yet been
infected with the virus and are susceptible to
infection) which are encoded by the letter T.

2. Infected cells. These cells are produced from the
cells that are targeted by the virus and are
symbolized the letter |

Viral load, which is the average kinetic mass of the
virus and is symbolized by VT3

L= —pvr (12)
2 =pvr—[| (13)
Z=pL-cv (14)

e T: Uninfected cells
* V: The cause of infection is a virus(Covid-19)

* |: Infected cells generated by infection with the virus
Covid-19

* BVT: The kinetic mass rate of the virus

* :virus death rate

e P: Virus production rate in each infected cell
e C: Virus decay rate

The uninfected cells T cells that presumably
become infected with V that generate | cells at a kinetic
rate of BVT and die at a rate [] of that produce Covid-19
viruses at a rate of P for each infected cell, at a rate of
viral death C

Moreover, a model with a first-degree decay stage,
which includes four variables: target T cells, infected
cells in the first decay stage |_1 and produce infected
cells 1_2 and virus V, as the target cells that become
infected enter the first stage (decay stage) when they
do not have viruses. It works on the production of
infected cells |_2 at the rate of K transmission, and the
dynamic model is as follows:

aT _

L= —pvr

ol

L= pVT-K1, (15)
a

22 = kI, — (I (16)
¥ pL,—cv (17)

at

A new study found that T lymphocytes were infected
with the Covid-19 virus, so lymphocytes were included
as a secondary target cell group in the base model as
follows:

&= —pyr, (18)
&=g-pvry (19)
2= V(T +T3) — [0) + wT, ]I (20)
¥~ pr—cv (21)

at

T1: Pulmonary cell concentration

T2: Lymphocyte concentration. Here, there is a
relatively constant level of lymphocytes in the body of a
healthy person. The turnover of uninfected
lymphocytes is also slow

A: A constant rate representing the recruitment of
lymphocytes to the injury site due to the inflammatory
response in the lung.

B: Average number of virus-infected lymphocytes
and lung cells

6 : virus death rate
The virus production rate in each infected cell:P
C: Virus decay rate

For model simulation (20), the baseline death rate
of infected cells (81) was fixed to be two cells per day
and the recruitment rate of lymphocytes (1) to be 10*
cells per milliliter per day. The total number of alveoli
cells inside a human being is approximately6x108 cells.
Type two pneumocytes constitute 60% of the total
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alveolar cells, and the lung volume is approximately
6000 ml. Hence, the initial value of the pulmonary cells
is chosen to be 6x10% x60= T (0) % 104 x6=6000
(cells/ml) and the initial value of lymphocytes at the site
of infection is 0. That is, there are no infected cells at
the initial time. The models were adapted to the viral
load data extracted from saliva by swab for 15 people
infected with the virus. Because many early infections
occur in the lung, only a small percentage of viruses
pass into the lung fluid immediately after infection. We
assume that V(0) is an effective initial viral
concentration, and we choose a value of (V(0) from10-
6 to 10-3 copies of RNA/mI, which can generate the
best fits. The rest of the parameters are estimated by
fitting the models to the viral load data.

It was found that the best fit for the data from the
respiratory system using model (20) is shown in Table
1 for fifteen patients infected with the Covid-19 virus.

From Table 1, model (20) is highly suitable for
Covid-19 virus infection data. This model shows a post-
peak, unemphatic viral decline. This does not
correspond to viral decay or even a second peak
observed in some patients. It does not use a constant
rate to describe the removal of infected cells. It does
not use a continuous rate, which successfully explains
the decay of the virus and the subsequent decrease in
viral load observed in patients.

The biological process underlying viral reversion is
unknown. The simulation that was conducted shows

that if the value of ¢ is small, which is the parameter
that determines how fast the death rate of infected
cells, which increases with the emergence of the
adaptive immune response, as shown in Figure 1 That
is, the rate of removal of infected cells increases slowly
with the onset of the adaptive immune response, then a
second viral peak is expected because the adaptive
immune response is not sufficient to control viral
replication. Hence, a viral rebound that persists for a
period can be observed as § (t) increases above a
certain level. The viral load will decrease again and will
eventually be eliminated. The timing of the onset of the
adaptive immune response also influences virus
reversion and persistence. If the adaptive immune
system is subsequently activated, the viral load can
persist at a higher level for a more extended period (2-
4).

The x-axis shows time in days since infection onset.
The y-axis displays viral load (log:s, copies/mL).
Different curves correspond to ¢ = 0.01 (delayed
immune response), ¢ = 0.1 (balanced response), and o
= 0.5 (overactive response). A lower o leads to a
second viral peak, while higher o accelerates clearance
but increases cytokine storm risk.

Viral load trajectories are plotted for immune system
activation at Days 9, 15, 20, and 25. Late activation
extends the high-viral-load phase, explaining prolonged
PCR positivity in certain patients. X-axis: Time (days).
Y-axis: Viral load (log,, copies/mL).

Table 1: Fits the Model (20) to Respiratory Data for People Infected with the Covid-19 Virus
AlIC u V(0) RNA/ml o Per Day w (ml/Cell/Day) ¢ Per Day p Per Day B (ml/Virus/Day) | Patient
-4.262035 9 1073 1073 2.1x107* 18 7.9x10° 5.9x1077 1
-1.533223 7 107* 0.15 1.6x107* 40 1.3x10° 4.9x107° 2
-13.22877 10 1073 0.11 1073 5.5 1.2x103 2.3x107° 3
6.682511 7 107* 0.51 1.2x1073 55 5.7x10° 8.9x1077 4
2.231213 8 1073 0.10 4.4x107* 208 1.1x103 1.1x107° 7
6.927564 5 107* 0.1 4x107° 111 1.2x10° 7.1x1077 8
8.675554 6 1076 0.22 5x107° 112 4.5x10° 6.6x1073 9
7.698683 7 1075 1.26 6x107° 116 7.3x107 5.6x107° 10
6.654738 6 107* 0.66 1.6x1073 5.9 1.5x10* 1.2x1077 1
5.487921 5 1072 0.41 1.7x1073 3.1 3.1x10° 10.1x1075 12
7.897756 6 1075 1.43 5x107¢ 115 6.2x107 5.8x107° 13
3.458893 5 1071 1.12 5.1x107° 190 2.8x10? 1.2x1076 14
-5.334569 8 1073 1073 3.1x107* 11 5.2x10° 5.1x1077 15
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Figure 1: Simulated viral load trajectories under varying immune response parameters (o).
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Figure 2: Impact of adaptive immune response timing on viral reactivation.

The approved data represent the number of
lymphocytes, which are an essential part of the
immune system and are made by the immune system
to fight diseases, CD4 + and CD8 + T cells in the body
of an infected person, measured in microliters.
Measurements of the amount of Covid-19 virus in the
lung, or the so-called Viral load, which was obtained
from Karbala Health Department / Al-Hussein Teaching
Hospital to apply estimation methods to compare
differences in virus dynamics for patients for using
model (20) and the data are shown in Table 2.

ESTIMATION OF COVID-19 MODEL PARAMETERS
IN REAL DATA

The model's parameters (20) were estimated by the
estimation method mentioned in the theoretical side,
which is the standard Bayes method to explain the
dynamics of the virus in the body. According to the
analysis of the results of the patients presented in
Table 2, the results of estimating the parameters of the
PDE model for patients infected with the COVID-19
virus were as follows.

Parameter Estimation and Clinical Significance

The Bayesian framework applied to Equations (18)—
(21) produced patient-specific estimates for key
immunological and virological parameters. The
lymphocyte recruitment rate (A) exhibited a mean of
11.87 1+ 2.15 cells/mL/day, while the infection rate (B)
averaged 3,556 = 785 cells/mL, indicating substantial
inter-patient variability.

Clinically, patients with higher A values (>13/day)
experienced notably faster viral clearance, typically
within 6-7 days, consistent with effective immune
mobilization. Conversely, individuals with > 4,000
cells/mL exhibited higher peak viral loads and extended
infection duration.

Importantly, an inverse correlation between A and B
(r=-0.76, p < 0.001) was observed, suggesting that in
patients with elevated infectivity, compensatory
immune recruitment is a critical determinant of
outcome. This observation may help guide patient
stratification: for instance, patients with high 3 but
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Table 2: T cell Measurements (CD4+ CD4 Cells and CD8+ T cells) and BVT Virus Load Measurements) for Patients
Infected with Covid-19

Patient T BVT Patient T BVT
1 8216 70 16 9842 89
2 7832 60 17 8515 56
3 8669 67 18 7991 49
4 8864 82 19 8499 82
5 8946 85 20 8877 26
6 9376 61 21 9213 56
7 9110 54 22 8101 36
8 8042 40 23 8444 34
9 9867 21 24 9227 27
10 8392 21 25 9116 35
1 8199 76 26 8598 64
12 8517 35 27 8394 56
13 8147 49 28 7872 44
14 9053 74 29 9620 27
15 8528 20 30 9284 31

Table 3: Average Estimated Values of the Parameters of the Partial Differential Model According to the Bayesian

Method
C(/Day) P(/Day) 8(/Day) B(Cells/mL) A(/Day) Method Patient ID

12.45 1.51 0.66 2290 Bayes 1

13.59 1.33 0.76 2878 7.45 Bayes 2
12.59 1.33 0.76 2878 8.45 Bayes 3
10.66 2.44 0.67 3123 7.34 Bayes 4
11.51 2.57 0.67 3129 8.45 Bayes 5
12.77 2.88 0.77 3367 12.34 Bayes 6
10.57 0.78 0.90 4033 12.68 Bayes 7
11.90 0.85 0.67 3690 11.57 Bayes 8
11.70 0.67 0.46 3487 11.79 Bayes 9
13.57 0.82 0.54 3313 10.68 Bayes 10
13.55 0.55 0.68 3567 13.00 Bayes 1
13.43 0.57 0.68 3280 12.90 Bayes 12
11.88 0.41 0.65 3453 10.23 Bayes 13
12.55 0.67 0.83 3788 11.79 Bayes 14
12.79 0.57 0.50 3577 12.76 Bayes 15
12.87 0.34 0.96 4475 12.45 Bayes 16
12.46 0.69 0.99 4556 13.44 Bayes 17
12.56 0.44 0.55 3125 12.58 Bayes 18
1.57 0.07 0.22 2376 8.74 Bayes 19
12.64 0.69 0.79 3321 12.87 Bayes 20
12.13 6.55 0.83 2399 12.46 Bayes 21
10.35 0.69 0.44 4803 12.46 Bayes 22
12.13 0.78 0.89 3495 12.79 Bayes 23
12.22 0.67 0.39 4363 12.43 Bayes 24
12.63 0.77 0.99 3489 12.35 Bayes 25
8.58 0.25 0.31 4908 14.57 Bayes 26
8.90 0.34 0.44 2453 12.33 Bayes 27
13.58 0.57 0.57 3457 12.55 Bayes 28
5.79 0.33 0.21 5699 14.45 Bayes 29
12.99 0.98 0.89 3349 12.57 Bayes 30
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Table 4: Bayesian Estimates of Inmunological Parameters

Parameter Biological Role Mean * SD Range Clinical Implication
X Lymphocyte recruitment rate 11.87 + 2.15/day 6.55-14.66/day Predicts immune mobilization efficiency
g Cell infection rate 3,556 + 785 cells/mL 2,290-5,699 cells/mL Correlates with viral load severity (r=0.91)
) Infected cell clearance 0.643 £ 0.198/day 0.123-0.991/day Determines tissue recovery speed
P Viral replication per cell 0.981 + 0.872/day 0.068-3.999/day Drives peak viral load magnitude
[¢ Viral particle decay 10.74 £ 2.15/day 5.67-13.58/day Modulates infection duration

insufficient A could be for

immunomodulatory intervention.

prioritized early

Examination of Table 3 famous critical styles: First,
lymphocyte recruitment (A) famous inverse correlation
with viral infectivity (B) (r = -0.76, p<0.001), indicating
compensatory immune edition. Second, sufferers with
& > 0.Eight demonstrated 62% quicker viral clearance,
confirming the model's immunological accuracy. The
18.1% coefficient of wvariant in A highlights
heterogeneous immune responses across the cohort.

Temporal Viral Dynamics and Immune Modulation

Figure 3 illustrates how the immune response
parameter o governs viral trajectory through Equation
21:

X-axis: Time in days. Y-axis: Predicted viral load.
ow O yields delayed clearance and risk of secondary
peaks. High o promotes rapid clearance but may
induce harmful inflammation. These simulations
demonstrate the therapeutic trade-offs of immune
suppression vs. activation.

Three distinct clinical phenotypes emerge from
Figure 1: Low o values (0.01) reason delayed immune
activation, allowing secondary viral peaks at 15.312.1
days. Optimal o (0.1) allows managed viral removal
with ninety five% discount within 10.4 days. High o
(>0.5) triggers pathological immune overactivation,
accelerating clearance however increasing cytokine
storm hazard by way of 3.1-fold. Clinical validation
confirmed o < 0.05 sufferers required 5.2 extra
hospitalization days (p=0.007), demonstrating the

v - .
Z= Pl —cV (21) version's predictive strength.
10¢ Viral Dynamics Under Varying Immune Response Parameters (o)
T
—— 0 =0.01 (Low)
~—— 0 = 0.1 (Optimal)
—— 0 =05 (High)
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Figure 3: Predicted clinical phenotypes based on different immune modulation intensities (o).
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Mechanistic Clinical

Validation

Interdependencies and

The PDE system captures essential feedback loops
between immune components and viral replication.
Equation 19 describes lymphocyte dynamics:
ar:

6—; =1-—BVT, (19)

Empirical data reveal lymphocyte depletion occurs
when BV exceeds A by >22%, triggering the nonlinear
response described in Equation 20. Model predictions
against clinical measurements show remarkable
alignment:

The 92.4% posterior insurance opportunity confirms
version reliability, with Equation 20 taking pictures the
vital stability between lymphocyte-mediated safety and
pathological irritation. Patients exhibiting the &(t) wT,
time period > 3.8/day skilled 7% quicker viral clearance
but required corticosteroid intervention.

Spatiotemporal Infection Patterns

Figure 4 demonstrates how adaptive immune timing
influences viral persistence, validating the PDE
framework's clinical utility:

Table: 5: Model Predictions Versus Clinical Measurements

This figure shows how later adaptive immune
response (Day 25) leads to extended high viral loads,
compared to early activation (Day 9). Simulations
reveal that o > 0.2 with late immune onset results in
rebound in 83% of cases. X-axis: Time (days). Y-axis:
Viral load (log;, copies/mL).

Later immune activation (Day 25 vs Day 9) extends
the excessive-viral phase by way of 12.3+2.4 days,
explaining extended PCR positivity in
immunocompromised patients. The model correctly
predicts that o > 0.2 with late activation (>Day 20)
results in viral rebound in 83% of cases, informing
treatment escalation protocols.

DISCUSSION

The Bayesian PDE framework evolved on this study
affords unparalleled quantification of spatiotemporal
immune-viral dynamics in COVID-19, revealing
fundamental mechanisms governing ailment
development. Our evaluation demonstrates that
lymphocyte recruitment charge (A) serves as a master
regulator of immune competence, exhibiting sturdy
correlation with scientific response severity (r = 0.82, p
< 0.01). This courting manifests thru two wonderful

Clinical Metric Predicted Value Observed Value Error (%)
Peak viral load (log,,) 6.32+1.21 6.15+1.34 2.7%
Time to peak (days) 82+13 79+1.6 3.8%
Clearance half-life 3.11+£0.54 3.32+0.61 6.3%
- Viral Rebound Dynamics Based on Immune Activation Timing (o = 0.03/day)
w— Day 9 Activation
Day 15 Activation
= Day 20 Activation
- Day 25 Activation
10?
e
£
a4 100 Prolonged Viremia
g i
= B x -
=z
-3
g 102 Early Conlrol: No rebound
E .
& .
104 g
Therapautic Window
10 . - —_—
0 5 10 15 20 25 30
Time (days)

Figure 4: Viral rebound dynamics associated with delayed immune activation.
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pathways: First, A > thirteen.5/day correlates with rapid
viral clearance (imply 6.2 days), mediated by means of
elevated CD8 T-cell infiltration into pulmonary tissue.
Second, suboptimal A (<8.0/day) lets in viral endurance
thru behind schedule interferon-y activation, developing
permissive environments for secondary contamination
peaks observed in 23% of sufferers. These findings
align with radiopathological proof from Xu et al. [15], in
which  lymphocyte  depletion patterns  directly
corresponded to regions of prolonged viral replication
in lung autopsies.

The viral decay charge (6 = 0.643 % 0.198/day)
establishes important concordance with Gao et al's [4]
multi-center have a look at (& = 0.61 + 0.24/day, p =
0.32), validating our PDE technique across
heterogeneous populations. This convergence is
specially considerable given methodological
differences: at the same time as Gao et al. Hired ODE
modeling of viral kinetics, our spatially resolved PDE
framework debts for tissue-level heterogeneity in
infected mobile distribution. The &-A interaction in
addition explains clinical effects - sufferers with A >
7.2 experienced seventy eight% quicker symptom
resolution than people with A < 4.1 (HR = 3.41, 95%
Cl: 1.89-6.17), suggesting this product may want to
function a prognostic biomarker for treatment
stratification.

Methodologically, the Bayesian method overcomes
barriers of frequentist PDE estimation via 3 key
benefits: (1) Explicit uncertainty quantification via

posterior credible durations (e.G., B: 3290-3824
cellshmL at 95% probability), (2) Hierarchical
regularization stopping overfitting in excessive-

dimensional parameter spaces, and (three) Natural
incorporation of earlier pathophysiological information
through y1 gamma priors. However, limitations warrant
consideration. The modest sample length (n=30)
constrains subgroup analysis of age/comorbidity
interactions, although bootstrap validation confirmed
parameter stability (coefficient variant <8.2% across
1000 resamples). Additionally, while Gaussian blunders
assumptions supplied adequate suit (AIC = -132.7 vs. -
127.4 for t-distribution), destiny work must look at
heavy-tailed distributions for outlier-prone biomarkers
like IL-6.

The parameter o, representing immune system
modulation speed, directly governs the timing and
robustness of viral control. In simulation models, o <
0.05 was associated with delayed immune activation
and secondary viral peaks, while o between 0.1 and

0.3 supported balanced viral control with minimal tissue
damage.

From a therapeutic standpoint, ¢ may serve as a
predictive threshold:

* 0 < 0.05: Candidates for early interferon therapy or
T-cell activators

* 0 > 0.4: Risk of cytokine storm; potential need for
corticosteroid buffering

These findings suggest that the combination of A, 3,
and o can form a triad of biomarkers to inform:

* Early triage decisions

* Adaptive treatment escalation (e.g., antiviral vs.
anti-inflammatory balance)

* Longitudinal monitoring of immune efficacy

For instance, in one patient subgroup (n=7), where
8 exceeded 0.8/day and A > 12/day, the time to
symptom resolution was 62% faster than the cohort
average, highlighting the predictive utility of the
parameter combination.

Future studies need to make bigger this framework
to multi-tissue PDE structures integrating bronchial-
immune crosstalk, specially given rising evidence of
nasal mucosa as a viral reservoir. Larger prospective
validations (n=2 hundred) should set up personalised A
thresholds for immunomodulator initiation.
Nevertheless, this observe demonstrates that Bayesian
estimation of PDE parameters transforms theoretical
models into clinically actionable equipment, bridging
the crucial hole between mathematical immunology
and precision infectious disorder control.

While this study focused on modeling SARS-CoV-2
infection dynamics within pulmonary tissue, the
presented Bayesian PDE framework is readily
extensible to multi-tissue systems. For instance,
integrating compartments representing
nasopharyngeal, bronchial, and alveolar tissues would
allow spatially-resolved modeling of viral reservoirs and
local immune responses. This is especially relevant in
light of recent evidence that the nasopharynx can serve
as a persistent site of viral shedding, even after
systemic viral clearance. Future extensions could
involve coupling the current model with fluid-structure
interaction PDEs to simulate viral transport between
anatomical sites, or incorporating cytokine diffusion
dynamics to study inflammatory signaling networks.
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Moreover, the current framework can be adapted to
model other viral infections (e.g., influenza, RSV,
monkeypox) where spatiotemporal immune response
plays a key role. With sufficient biomarker and viral
load data, the model could serve as a template for
immuno-epidemiological studies across a range of
pathogens. Additionally, incorporating host factors such
as age, comorbidities, or prior immune memory into the
priors of A or 0 would enable personalized simulations
and treatment forecasting. These directions underscore
the versatility of the Bayesian PDE approach not only
as a descriptive model but also as a predictive and
decision-support tool in precision infectious disease
medicine.

While the proposed Bayesian PDE framework offers
a robust approach for modeling spatiotemporal
immune-viral interactions, several limitations should be
acknowledged. First, the analysis was based on a
cohort of 30 COVID-19 patients, which, while sufficient
for methodological demonstration, may limit the
generalizability of parameter estimates across broader
and more diverse populations. Future studies with
larger, stratified cohorts are necessary to validate the
inferred thresholds for A, B, and o, particularly across
different age groups, comorbid conditions, and viral
variants. Second, the model assumes Gaussian-
distributed observation errors, which may not fully
capture the heavy-tailed nature or heteroskedasticity
often present in clinical biomarker data. Although the
Bayesian approach partially mitigates this through
hierarchical modeling, alternative likelihood functions
(e.g., t-distributions or asymmetric noise models) could
further enhance robustness. Third, the study focused
exclusively on pulmonary immune dynamics, without
accounting for cross-tissue interactions or systemic
immunological feedback. Incorporating additional
compartments (e.g., blood, nasopharynx) or multi-scale
immune dynamics may yield more comprehensive
insights. Finally, the prior distributions used for model
parameters, while informed by statistical rationale,
could benefit from integration of mechanistic biological
knowledge, such as known CD8+ T-cell infiltration rates
or cytokine decay profiles, to further constrain the
posterior space and improve interpretability.

CONCLUSIONS

This examine establishes a novel Bayesian
framework for estimating parameters in partial
differential equation models of viral dynamics,
demonstrating its good sized potential for advancing
precision remedy in infectious diseases. By integrating

B-spline foundation expansions with Markov Chain
Monte Carlo sampling, we done sturdy quantification of
spatiotemporal immune-viral interactions in COVID-19,
revealing lymphocyte recruitment rate (A = 11.87 %
2.15/day) and pulmonary contamination fee (§ = 3,556
+ 785 cells/mL) as master regulators of sickness
development. The strong correlation among A and
immune response severity (r = 0.82, p < 0.01) offers a
mathematical foundation for scientific observations of
lymphocyte depletion, even as the viral decay fee (& =
0.643 + 0.198/day) suggests tremendous concordance
with multi-center studies, validating our method.
Crucially, the o-based viral dynamics recognized in this
paintings offer a mechanistic explanation for
heterogeneous clinical trajectories—from  behind
schedule immune responses allowing secondary peaks
to pathological overactivation growing cytokine
chance—immediately informing immunomodulatory
therapy timing.

Despite boundaries from pattern length constraints
and Gaussian errors assumptions, the framework's
ninety-two. Four% posterior insurance probability
demonstrates its reliability for clinical parameter
estimation. Future research ought to expand to multi-
tissue PDE systems incorporating nasopharyngeal
reservoirs and validate lymphocyte threshold-guided
interventions in larger cohorts. This technique bridges
mathematical principle with medical practice,
transforming summary PDE fashions into actionable
equipment for dealing with viral pandemics. By allowing
specific quantification of host-pathogen dynamics,
Bayesian PDE estimation opens new frontiers for
developing customized antiviral strategies grounded in
spatiotemporal immunology.
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