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Abtsract: This paper introduces the Bilal-G (B-G) family of distributions, a novel generator-based method for enhancing
the flexibility of existing probability models to better accommodate complex data structures prevalent in biomedical and
reliability engineering. Data from these fields frequently exhibit features like high skewness, significant outliers, and non-
monotone hazard rates that challenge conventional distributions. Using the Bilal distribution as the generator, we
construct the new family’s general cumulative distribution function (CDF) and probability density function (PDF), from
which a key, parsimonious sub-model, the two-parameter Bilal-Exponential (BE) distribution, is derived. We thoroughly
analyze the BE distribution’s properties, including its capability to model an increasing hazard rate, which is supported by
Total Time on Test (TTT) plots of the application datasets. A comprehensive simulation study evaluates the performance
of fifteen distinct non-Bayesian estimators, revealing that the Minimum Spacing Linex Distance (MSLNDE) method
consistently provides the most accurate and precise parameter estimates across various sample sizes. Finally, the
superiority of the BE distribution is demonstrated through its successful application to two real datasets: one on patient
mortality rates and one on component failure times. For the mortality data (Data I), the BE model reduced the Akaike
Information Criterion (AIC) by 1.99 units compared to the classical Weibull distribution. For the component failure data
(Data Il), the Bayesian Information Criterion (BIC) was reduced by 0.41 units compared to the best-fitting competing
model (TIHTE), confirming the BE distribution’s exceptional goodness-of-fit and reliability as a practical lifetime model.
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data.

1. INTRODUCTION

In fields like reliability engineering and survival
analysis, researchers frequently encounter complex
empirical data that traditional statistical models (e.g.,
Normal, Exponential, Weibull) fail to adequately
characterize. Data sets in these areas often exhibit
crucial characteristics for accurate prediction, such as
strong skewness, the presence of significant outliers,
and critically, non-monotone hazard rates (e.g., bathtub
or unimodal shapes) which capture various life cycles
of a system or organism. This necessity—driven by the
inability of traditional models to simultaneously capture
features like skewness, kurtosis, multimodality, or
varied tail behavior—is the primary factor spurring the
creation of various methodologies for constructing
more flexible models. Early conceptual work includes
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[1Ts system of normalization transformations, which
laid the groundwork for defining generalized distribution
families. Other foundational techniques include using
generalized distributions derived from concepts like the
hazard rate [2], the Exponentiation Method [3], and the
[4] technique, which adds a single parameter to an
existing distribution’s cumulative distribution function
(CDF) to improve its goodness-of-fit. These
foundational efforts established that the addition of
parameters or the transformation of the baseline
distributions could significantly enhance the versatility
of the modeling.

Modern research has expanded these ideas
through sophisticated generator-based families. A
major innovation was the Beta-Generated (Beta-G)
family [5], which uses the Beta distribution as a
generator to transform a baseline distribution’s CDF,
leading to highly flexible models like the Beta-Normal
distribution. Leveraging the advantages of simpler
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forms, the Kumaraswamy-G (Kw-G) distribution [6] was
subsequently introduced, offering similar shape
properties to the Beta-G family with simpler explicit
formulas and moment calculations. To address
limitations in the Beta-G family’s support range, the
general Transformed-Transformer (T-X) method [7]
was introduced, which allows any non-negative
continuous random variable to serve as the generator.
These generator methods—and their subsequent
variants based on distributions like Weibull [8], Lomax
[9], and Lindley [10]—consistently demonstrate greater
flexibility, allowing researchers to model diverse data
shapes and accommodate various hazard rates (e.g.,
constant, increasing, decreasing, bathtub, unimodal),
often outperforming traditional models in statistical fit
tests. Recently, families of distributions that capture
these seemingly data behaviors have emerged in the
literature. They include, but are not limited to, a new
family of generalized distributions using transformed
Lomax-x [11], Weibull sine generalized family [12],
Kavya-Manoharan DUS family [13], Alpha sine power
transformation [14], a new odd reparameterized
exponential transformed-x family [15], type-ll heavy-
tailed family [16], a tangent DUS family [17], sine
generalized family [18], exponential arctan family [19],
arcsine Topp-Leone family [20], arctan-x family [21].
For more details see [22-27].

Due to the inherent characteristics of emerging
datasets from various human endeavors, especially
biomedical and engineering studies, a distribution that
fits well with a particular dataset may not fit well with
related datasets. On the above premise, the primary
motivation and key contributions (novelty) of this study
are encapsulated in the following points:

1. The proposed family of distributions exhibits
desirable tractability, as all derived statistical
properties and measures possess analytical,
simple, and often linear solutions.

2. Adhering to the principle of parsimony in
statistical inference, the Bilal-G family introduces
only a single, non-redundant shape parameter,
resulting in new distributions that maintain
simplicity and avoid parameter superfluity.

3. The  derived Bilal-Exponential ~ submodel
demonstrates effectiveness and robustness in
modeling data characterized by significant
skewness and the presence of oultliers,
suggesting that any distribution from the broader
Bilal-G family may offer similarly robust
distributional forms.

4. The Bilal-Exponential distribution consistently
achieved superior goodness-of-fit, evidenced by
its high probability values in statistical tests and
minimum values across key model performance
criteria when fitted to the two empirical datasets.

Traditional probability distributions, such as the
Exponential, Normal, and Weibull models, often fall
short when analyzing complex, emerging datasets in
modern biomedical and reliability engineering. These
models fail to adequately capture the inherent
characteristics of real-world data, which frequently
exhibit:

. Extreme Skewness and Outliers: Life-testing and
survival data, such as patient survival times or
component failure times, are commonly
characterized by a high degree of asymmetry

and the presence of significant, influential
outliers that distort traditional parameter
estimation.

i Non-Monotone Failure Rates: A critical

requirement for accurate lifetime modeling is the
ability to handle varying patterns of risk over
time. Systems and organisms often pass through
stages (infancy, useful life, wear-out), resulting in
bathtub-shaped or unimodal (upside-down
bathtub) hazard functions. Models that only allow
for simple increasing or decreasing failure rates
are practically inadequate for these scenarios.

To address these critical data challenges, this paper
introduces the Bilal-G family of distributions, a novel
methodology designed to enhance the flexibility and
descriptive power of existing probability models. Our
core contributions, specifically tailored to practical
application in these fields, are as follows:

. Modeling Complex Risk Patterns: We
demonstrate that the derived Bilal-Exponential
(BE) submodel is capable of capturing an
increasing failure rate, making it a versatile tool
for modeling the wear-out phase in reliability and
the later stages of mortality in biomedical

studies.
. Robustness to Real-World Noise: The BE
distribution demonstrates effectiveness and

robustness in modeling data characterized by
high skewness and the presence of outliers,
providing a more reliable fit than competing
models in non-ideal conditions.
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. Demonstrated Superior Goodness-of-Fit:
Through detailed application to two real-world
datasets—one concerning patient mortality rates
(biomedical) and another involving fixed
component failure times (reliability)—the BE
distribution is shown to consistently achieve a
superior goodness-of-fit over several established
lifetime models. This confirmed practical utility
establishes the Bilal-G family as a powerful new
tool for engineers and biostatisticians.

The study workflow is summarized in the following
schematic diagram:

Introduction — Bilal - G Family —
BED istribution — Statistical Properties —

Estimation — Simulation — Applications — Concluding Remarks.

2. THE BILAL-G FAMILY

In this section, the Bilal-G family of distributions,
with a special submodel, will be constructed and its
properties derived and studied. Subsequently, the
parameters of the submodel will be estimated under
the complete sample using some non-Bayesian and
Bayesian estimators.

Definition 2.1 Suppose a differentiable and
monotone  right-continuous  function W {F(x)} is

defined as W(F(x))=-log(1-F(x)). It is easy to see

that WIFG} _ fo
dx 1-F(x)

Let T : the Bilal () distribution, an innovative one-

parameter longevity model introduced by [28] with
probability density function (PDF) given as

r(z)=§e-2”"(1-e‘”"); >0, 6>0. (2.1)

The associated cumulative distribution function
(CDF) can be expressed as;
R(t)=1-(3-2¢"")e™". (2.2)

Then, the CDF of the Bilal-G family of distribution
utilizing the 7 -X generator proposed by [7] is given
as

—In(1-F(x))

G(x) r(t)dt = R{-In(1- F(x))}

0

1-(3-201 -F(x)))ia-F(x))E; xER, 6>0.
(2.3)

The corresponding PDF to Eq. (2.3) is

AW {F(x)} ,
dx

_6f)

gx) = 9

£ 1
{(W[Fm]} (1- F(x))? [1 -(1-F(x))’ )

(2.4)
3. BILAL - EXPONENTIAL (BE) DISTRIBUTION

In this section, the Bilal-G family of distributions is
used to modify the exponential distribution If X has an
exponential distribution, then the PDF and CDF are
given by:
fB)=pe™, Fx)=1-¢™ (3.1)

Now, substituting Eq. (3.1) into Egs. (2.3) and (2.4),
we obtain

G(x.0.8)=1-(3-2¢"")e*"", x>0, 6.8>0. (3.2)
The corresponding PDF is
B,
g(x,@,[g’):%e'zﬁx/g (1—6 0 ) (3.3)

The survival and hazard functions are given as

S(x) = 3-26P)e 20, and

_gx) _6B (1-¢")
= S(x) - 7] (3_28_/3x/9) s

h(x)

respectively.

Based on Figure 1, the plots illustrate how the BE
distribution’s shape changes in response to its two
parameters, S and 6. Figure 1a shows the probability

density function (PDF), g(x), which can take on

various shapes, including right-skewed and nearly
symmetric forms, depending on the values of g and

6. For instance, when $=0.75 and 6=2.5 (the solid

black line), the distribution has a gentle, long tail, while
smaller values of 6 and larger values of g, like f=1.5

and 6 =15 (the green dotted line), result in a sharper,
more peaked density near x=0. Figure 1b displays
the hazard function, h(x), where all curves consistently
show an increasing failure rate over time, indicating
that the probability of the event occurring increases as
x increases. This characteristic of an increasing
hazard rate is common to all parameter combinations
shown, though the rate of increase is much steeper for
combinations with smaller parameter values, such as
p=0005 and 6=005 (the pink dashed line),

compared to the shallower curve seen with §=0.75
and 6=2.5 (the solid black line).
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Figure 1: Plots of (a) PDF (b) hazard function for BE distribution.

4. STATISTICAL PROPERTIES

In this section, we study some of the essential
properties of the BE model.

4.1. Moment and its Measures

The kth raw moment of a random variable X is
given by:

k
E(X"= f:xk F(x)dx = 6F(k+1)(%) [2-“*1> - 3-“*”]. (4.1)

From Eq. (4.1), the mean is when k=1, which is

E(X)=%. The second crude moment is when k=2,
19(6Y
which is E(Xz):ﬁ(ﬁj . The variance of a random

variable X is estimated as

2
Var(X)=E(X2)—[E(X)]2=%(%). The third crude

3
moment of X is when k=3, which is E(Xﬁ:%(%) .

4.2. Moment Generating Function (MGF)

The moment generating function (MGF) of X is
defined as:

M (t)=EE)= [ Owe’* F(x)dx

_ 6p°
T (2B-60)3B-61)

To compute the moments, we rewrite the MGF

using partial fraction decomposition by setting A, :%
and A, =%:
0
68| 1 1
M, )= | ——
=35 W
0 0

The first moment (u,; ) is w, =diMX(t) o :
t

, 56
u =EX)=—

6f

2
The second moment (u, ) is u, =%Mx(t)l,=0:

s

_ 1967
187

w, = E(X?)

The mean of the BE distribution, illustrated in Figure
2a, generally decreases as the parameter o increases,
particularly for smaller values of . Conversely, as the

parameter  increases, the mean exhibits a complex
behavior but generally shows an increasing trend
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Figure 2: Plots (a) Mean (b) Variance (c) Skewness (d) Kurtosis of BE distribution.

before stabilizing, especially when « is small. The
mean’s value is observed to range from nearly O to
approximately 0.8 within the plotted parameter space.

The variance, shown in Figure 2b, typically
decreases with increasing values of both a and . For

instance, when «a is close to 0, the variance is at its
highest, approaching 1.0, but it drops rapidly as «
increases towards 3.0. This indicates that a larger
leads to a more concentrated distribution. The variance
surface demonstrates relatively sharp changes at the
boundaries of the parameter space and remains
generally low over a broad region, suggesting that the
BE distribution is often less dispersed.

The skewness, displayed in Figure 2c, is strictly
positive across the entire parameter space, which
confirms the BE distribution is right-skewed. The
maximum skewness, which is quite high, occurs when
both o and g are small, indicating a pronounced long

right tail under these conditions. As a and g increase,

the skewness value rapidly decreases towards zero,
implying the distribution becomes more symmetrical
and approaches the shape of a normal distribution.

Finally, the kurtosis, presented in Figure 2d, also
displays a similar pattern to the skewness, being

highest when the parameters o and g are small. This

large kurtosis suggests that the distribution is
leptokurtic (has heavy tails and a sharp peak) for small
parameter values. The kurtosis decreases dramatically
as a and B increase, approaching a value closer to 3

(the kurtosis of a normal distribution), indicating that the
tail behavior becomes less extreme and the peak flatter
as the parameters grow.

4.3. Order Statistics

The CDF and PDF of the kth order statistic, X,,

based on a random sample of size n, are derived from
the general forms:

Fk<x)=_§( y

(Fo(0) (1= F ()"

n! k-1 -k
fk(x)—m(f;(x)) (1= Fo(x)"™ fy(x)
Given the BE distribution’s CDF,
_px _2px
F(x)=1-(3-2¢ %)e ¢ , and PDF,
B _2px _Bx
f(x)y=—¢ 9 (1-¢ %), we have:

0
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The CDF of X, is:

1-3-2¢e 9)e * } [(3—2(3 ) 0 }

Fk<x;9,ﬁ)=§( y J

=k

The PDF of X, is:

n-1 g 2pe T
fk(X;e»ﬁ)=ﬂ( -1 )|:1—(3—26‘ 9)e ¢ }

IOV _2px _Bx
[(3—26‘ 9)e ¢ ] '%e 0 (l—e ")

4.4. Quantile Function

The quantile function, Q(p), is the inverse of the

_2px _3px
CDF, G(x;0,8)=1-3¢ 9 +2¢ 9 |

G@(p)=p.

such that

_2px _3Bx
Solving the equation 1-3e¢ ? +2¢ ¢ =p for x

requires numerical methods or approximation. Using

_2bx _3bx 5Bx
the approximation In|1-3e ¢ +2¢ ° zh’l(6)—T, we

solve:
ln(1—3e O +2e ¢ )zln(p)

The approximate quantile function is:

_0(n(p)-1.7918)

o(p) 5P

The proposed approximate quantile function,

~ O(In(p)-1.7918)
Q.o (P) = 5

approximation that requires critical validation. Given the

complexity of the exact CDF,
_2Bx _3Bx

G(x;0,)=1-3¢ % +2¢ ° ,this approximation must be

rigorously assessed to ensure the fidelity of

subsequent simulation results. To quantify the error, a

relies on a log-linear

numerical comparison against the exact quantile
function, Q. (p), must be performed.
. Numerical Inversion: Obtain Q,.(p) by

numerically solving the equation G(x;0,5)-p=0

for x, using a stable root-finding algorithm (e.g.,
Bisection or Newton-Raphson) across a
representative grid of probabilities p € (0,1).

. Error Metric: The Relative Error (RE) is the most
appropriate metric for evaluation, particularly
over the tails of the distribution (p—0 and

p—1).

Qopproc(P) = (D))
O |

RE(p)=

The approximation introduces a systematic bias into
the simulated random variates.

. The magnitude of the RE directly correlates with
the inaccuracy of the simulation results (e.g.,

estimated mean, variance, and, crucially,
extreme percentiles).
i If the error is high in the tails, the simulation will

fail to accurately represent extreme events,
compromising any risk or reliability analyses
performed using the simulated data.

If the quantified error is deemed unacceptable (e.g.,
RE>5% for critical values of p), it is strongly

recommended that numerical inversion be used in
practice for generating random variates. Root-finding
algorithms are highly efficient on modern computing
platforms, making the increased accuracy achieved via
numerical inversion a worthwhile trade-off for any minor
increase in computational time. For very low quantiles
(p—0), an approximation derived from a Taylor

expansion (G(x)=3(Bx/60)’) may yield better
accuracy: Q(p)z%\/%. This alternative should also be
tested.

4.5. Entropy

The Rényi entropy of order a is defined as

H,(X) :Llog( ) pa(x)dx) . For the BE distribution:
l-a

dx]

© 2B, B,
Ha(X)zﬁlog[fo [%e 0 (1—(3 o )

B,
Using the substitution u=¢? , the integral
evaluates to a Beta function:
o a 6/3) “ 9
x)| dx=|—| ‘—BQRa,a+1
[y (%] Lseaas

The final expression for the Rényi entropy is:

" (X)—L alog(%)+log(%)+
a - 1_
logl'(at+1)+logI'Qa)-logI'(Bar +1)
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4.6. Mean Residual Life Function

The mean residual life function (MRL) is
[ swar . o
mri(x)=~=~———, where the survival function is
S(x)
B, 2B,
S(x)=(3-2e 9 )e ¢
Substituting S(x) and letting n:g, we evaluate the

integral:

fw ( 32 — Qe ) dt

mrl(x) =%
( ) (3_28—)],\')67%1)(
After evaluating the definite integrals and
simplifying:
3.2 4
———e
mrl()c)=g'2 3 5
3-2¢

4.7. Stress-Strength Reliability for the BE
Distribution

The stress-strength reliability is
R=P(X >Y)=f:[l—FX(y)]fy(y)dy. Substituting the BE
distributions for X and Y :

6 _zﬁx," _3/3)(," _@ _M
R=ﬁf:(3e e ]-e u [l—e o ]dy

BY

Evaluating the integral, which involves terms of the
form f:e"‘ydy =1/k, gives the result:

AT

Where k1=%+%, @:%;rﬁ,
eX 6)’ HX QY
ky= 3ﬁx 2By andk_3/3 +%.
HX BY eX BY
5. ESTIMATION

In this comprehensive analysis, we utilized fifteen
distinct non-Bayesian estimation approaches to
determine the unknown parameters (6, 3 ) of the BE
distribution. These methods—spanning likelihood-
based, distance-based, and spacing-based
techniques—include Maximum Likelihood (MLE),

Anderson-Darling (ADE), Cramér-von Mises (CVME),
Maximum Product of Spacings (MPSE), Ordinary Least
Squares  (OLSE), Right-Tail ~ Anderson-Darling
(RTADE), Weighted Least Squares (WLSE), Left-Tail
Anderson-Darling  (LTADE), Minimum  Spacing
Absolute Distance (MSADE), Minimum Spacing
Absolute-Log Distance (MSALDE), Anderson-Darling
Second-Order Left-Tail (ADSOE), Kolmogorov (KE),
Minimum  Spacing Square Distance (MSSDE),
Minimum Spacing Squared-Log Distance (MSSLDE),
and Minimum Spacing Linex Distance (MSLNDE). The
specific objective functions for each method are
detailed in the following subsections.

5.1. Maximum Likelihood Estimation (MLE)

The Method of Maximum Likelihood, introduced by
[29] and [30], is widely preferred due to its favorable
asymptotic properties, including consistency and
asymptotic normality. Given a random sample x,....,x,
of size n from the BE distribution’s PDF g(x;0,8), the
likelihood function L(0,B) is defined as the product of

the PDF evaluated at each observation.

The log-likelihood function, ¢(0,5)=InL(0,B), is
derived by substituting the PDF given in Equation (3.3):

n n —ﬁx-
¢ :nln(6ﬁ)—nln6—%2xi +Eln(1_e o ]
i=1 i=1

The maximum likelihood estimators 6,8 are
obtained by solving the system of non-linear equations
derived by setting the partial derivatives of ¢ with
respect to each parameter to zero:

n 2[5 B
a0 0 92 22 gl_
a_€=£_g xi+lz ﬁx[ =0
p p oG 045 e _1

Since these equations are analytically intractable
(non-linear), the estimates 6,3 are solved numerically
using iterative optimization algorithms.

The Hessian matrix H is defined as:

s g
90> 909

H= B
0% 0 0% 0
a6 I’
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B
2" X; 2007
94

=)

I ol X, B < xeel
90p  9pa0 922 E b, 0*2 L,
B

X 20
i=l 01 i=1 i
el -1 (e‘ ’_1)
n 2 9

EN4 n 1 E x,egxi

a L 2
00> l‘—E [3’2 B

0B> T2 92 Ll p 2
ﬁ /3 i=1 (691—1)

The Newton-Raphson Algorithm (Algorithm 5.1) was
used to solve the system of non-linear score equations
and obtain the MLEs.

Algorithm 1: Newton-Raphson for BE MLE

Observed data initial
parameters 0 =(0"”,8), convergence tolerance &,

max iterations M .

Require: X={X,....,X,},

Ensure: Maximum Likelihood Estimates 6 =(6,8) and
Asymptotic Variance-Covariance Matrix V.

1: k<0
2: <07
3: repeat

4: Step 1: Calculate the Score Vector (First Derivatives)
at g%

5: S® < viO©)=

P Q)

6: Step 2: Calculate the Hessian Matrix (Second
Derivatives) at

a0 9

— 90°  900p
AN

apao  op>

o)
8: Step 3: Calculate the Step Direction §*

9: Solve the linear system: H¥§* =-S®

10: Step 4: Update Parameters
11: 0" <~ 0" + 6%
12: Step 5: Check Convergence

13:If H6<“H<s or k=M then

14: break

15: end if

16 k< k+1

17: 09 <~ 9™

18: until Convergence

19: 6 — 8" {MLE Estimates}

20: Step 6: Calculate Asymptotic Variance-Covariance
Matrix

21: 1, — -H(6) {Observed Fisher Information}
22: V<1, {Asymptotic Variance-Covariance Matrix}
5.2. Anderson-Darling Method (ADE)

The ADE approach, pioneered by [31] and [32],
seeks to minimize a weighted goodness-of-fit statistic
that emphasizes the tails of the distribution. Parameter
estimates for the BE model are derived by minimizing
the following Anderson-Darling statistic, A:

A@.B)=-n-L 3 i~ 1[logG(x,,:0,8)+logS(x, ..,:0.6)].
n<

where x, are the order statistics, G(x;60,8) is the
CDF, and S(x;0,8)=1-G(x;0,p) is the survival function
of the BE distribution.

5.3. Method of Cramér-von Mises (CVME)

The CVME approach, often credited to [33],
estimates parameters by finding values that minimize

the Cramér-von Mises criterion. The parameters é,ﬁ

for the BE distribution are obtained by minimizing the
following statistic, C :

C(0.8) =ﬁ+2[6(xm;e,ﬁ)— 2

5.4. Ordinary Least Squares Estimation (OLSE)

The OLSE technique, utilized in distributional fitting
by [34], aims to minimize the squared differences
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between the empirical CDF and the theoretical CDF.
The BE parameters are estimated by minimizing the
Ordinary Least Squares statistic, V :

2

G(xi:n;e’ﬁ)_L

5.5. Right-Tail
(RTADE)

Anderson-Darling  Estimation

The parameters 6,3 are found by minimizing the
RTADE statistic, R:

R(0.B) =g—ZEG(xi:n;H,/J’)—%EQi—l)logS(xi:n;H,/J’).

5.6. Weighted Least Squares Estimation (WLSE)

As a robust variant of OLSE, the WLSE method [34]
introduces weights to the squared differences. The
parameter estimates for the BE distribution are derived
by minimizing the Weighted Least Squares statistic,
W

2

m’e /3) -

n+l1

wo.p=3 DG

5.7. Left-Tail Anderson-Darling Estimation (LTADE)

The LTADE method is based on optimizing the fit of
the theoretical model to the observed data in the lower
tail, following procedures detailed in studies such as

[35]. The parameters é,ﬁ for the BE model are
estimated by minimizing the LTADE statistic, L:

L(0.B) =_§n+2§G(xm;0,ﬁ)
—lS(Zi—l)logG(xm;B,/a’).
n<

5.8. Anderson-Darling Second-Order Left-Tail

(ADSOE)

This refined technique [36] investigates the second-
order behavior of the distribution in the left tail. The BE
parameters are estimated by minimizing the ADSOE
statistic, LTS':

2i

LTS(O 2 logG(x;;0, —
©.8)= 2 0gG(x;:0,8)+ EG(XI’H 5
5.9. Kolmogorov Estimation (KE)

The Kolmogorov method, also popularized by [36],
focuses on minimizing the maximum distance between

the empirical and theoretical CDFs. The BE parameters
are estimated by minimizing the Kolmogorov statistic,
KM :

KM(0,B)= MAX —-G(x,,e B).G(x;:6, /3)-—

I=i=n

5.10. Estimation Methods Based on Product of
Spacings (PS)

These methods rely on the  spacings

I, =G(x,;0,)-G(x,_,;0,B), where G(x,,;0,)=0 and
G(x,,,:0,.8)=1. The spacings I, are now a function of
only 8 and .

i-ln>

5.11. Maximum Product of Spacings Estimation
(MPSE)

The MPSE method, proposed by [37], is a
nonparametric alternative to MLE. The BE parameters
are found by minimizing the negative log-product of
spacings:

n+l

5, ﬁ)———ElogI(e B).

5.12. Minimum Spacing Absolute Distance

(MSADE)

The MSADE approach [38] minimizes the sum of
absolute distances. The MSADE statistic, ¢, is:

n+l

£0.p)= Eu——l

5.13. Minimum Spacing Absolute-Log Distance
(MSALDE)

The MSALDE method, also proposed by [38], uses
a logarithmic transformation of the spacings. The BE
parameters are estimated by minimizing the MSALDE
statistic, Y :

n+l

Y(6.8)= Ellogl —log—l

i=1
5.14. Minimum Spacing Square Distance (MSSDE)

The BE parameters are estimated by minimizing the
MSSDE statistic, ¢ :

n+l

@(0.5)= 2(1 ——)
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5.15. Minimum Spacing Squared-Log Distance
(MSSLDE)

The BE parameters are derived by minimizing the
MSSLDE statistic, ¥ :

n+l 1 2
vo,p)= (logli—log—) .
; n+l

5.16. Minimum Spacing Linex Distance (MSLNDE)
The MSLNDE technique employs a Linex-type loss

function. The BE parameters are estimated by
minimizing the MSLNDE statistic, A:

n+l li_ﬁ_ _L _
A(O,ﬁ)—g[e (1,, n+1) 1].
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Figure 3: Graphical representations for the Bias values presented in Table 1.
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6. SIMULATION

This section evaluates the efficacy of several
estimation techniques in predicting the parameters of
the BE distribution using a substantial amount of
simulated data. Random data sets were created for
various sample sizes (n=15,50,100,200,300, and 500 )

using the quantile function of the suggested model in

ADE ADSOE

the simulation run. This section will evaluate the
efficacy and performance of our model estimators.
Furthermore, we will assess the effectiveness of
several estimation methods considering many aspects.
The evaluation will focus on the accuracy, precision,
and computing efficiency of each method. By
conducting a comprehensive examination of data from
diverse sample sizes, our objective was to provide
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Figure 4: Graphical representations for the MRE values presented in Table 1.
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Figure 5: Graphical representations for the MSE values presented in Table 1.
researchers select the most

significant insight into the most reliable estimation
approach for the BE distribution. In addition, we will
evaluate the efficacy of each estimating approach in
various settings to determine its dependability and
applicability in actual contexts. This research will help

assess

suitable estimation
approach for their specific needs. Furthermore, we will
the effectiveness of various estimation
methodologies, taking into account several elements
such as



Bilal-G Family of Distributions

International Journal of Statistics in Medical Research, 2025, Vol. 14

709

H

S

oot

am

0.06 " - c 6084 E { =
[ 0074 oo%4- inﬁﬂd'
0.0 o [T e |
- | 05014
(] A 0034 ;
.05 no3 .02 | oares
0,014 am J
3 g : m WE = r R ] : T

0,08 4 .06 |

086 o075
o 004
e ; Laid | o604

LY :
o4
0.024 0021 Ll o028

:

i

0044

n.az4

g

g

o
e

006

004

00754

0.0604

00254

€
&

# £ & #

%

- 9
H
4
%y

i

100

096

0044

i

il

i

- oos

0.08

a.024

008

0.04 4

0024

s
o0

T

E

l = : s B [ e
e .08 008 oors
0.n7sq
vosod 8 0.06 4 008 0.0807
00254 . LT 0.3 i
BE ] RTADE | wish T L
008 p— 0.0f 4
006 ased 0084
004 wsod LR
ooz o“_r/ 'W-L
I AN I R L I I
Figure 6: Graphical representations for the D, and D,  values presented in Table 1.

a-mn

. -H i
fff "'?’f S ?"f ".-’a’a"’ o "ff* fa”d" Va4 e *ﬁ” Z

Figure 7: Partial Rank Heatmap for simulation in Table 1.



Udobi et al.

International Journal of Statistics in Medical Research, 2025, Vol. 14

710

0.15,=0.8.

Numerical Values of Simulation Measures for 6 =

Table 1

{1HE {£} ¥ {c}5E {18 {2169 {1106 {r}187 el {164 e {576 s (£ 106 [Eyias e 1
{1S6T00 {8 CT0°0  forpRGI0"0 JrERH6TT [giSLR00  [eRLT00 ErR0R00 @6OT00  [pOFI0T0 [pSTR9°0 (ECT00  (m9F10°0 [oFST00 [(9FT100 [eT1ion i |
{1FSEL00 {0100 {or}LEI00 [0S0 (06100 [(@ECI00  (malTPIO0  [(@L1000 0100 {p1TREE0 [@S0100 (0000 (10100 (80100  [66000 bl o ¢

op99LL0 iG99 6R06°0 [rFEBR66'0 [@L89°1  [enp60EL'L [3BEE0T  [epUB0LT (Bl [IG6FS0 @nSTITE [(@E999 1 pp6CSF e (508971 gp090L (&) T
DBS6L 0 {10949 T {m9BZ60  {s R PSLEEL GIESEOT  [IADSLTT mTOF0TT [mEFOLL {s9FPILT {pEEITY  [mTELFE {enB0DFE  [ETEDL  faiPLil (g) TN
1ot L8800 (o PLEL T 480850 (1 FREG0  (n0LGLT  (p0RE6°'T  [6TR00 (o TOCE'T e FLLS T [(0T0T0 (g RSLEL {rrp6TFE L 008 T 8208 T (F) ASW
JpFFPTO0 g FEA0°0 86T0°0 @ B0SEST 00070 02070 [eRFR00 (990070 [pS000T0  [pF6R9T0 [en06LT0 {2r92LE°0 [ TFO0D (mR0090°0 (4] IS
(@l opPCTE Ly @LlTA0 {066L°0  [LGEETT {3 ATHETT  [@9ES0 o FEOET  p[6OETT (pFEEP0 g 9ILLE prAPELE (g IPRETT  (8POETT  (g)|svig ]|
(PETTO [q}STSED  (pPBETO [1}1€£96°0C RIEVET0  [1SE02°0 [ 0LET0 [m0GC0°0  [4)TLEST0 [p0TIR0 (60250 [9EET0 [ I61G°0 (91929270 (el (g)lsvig|  0o0g

{1168 {u}nt jeazds {z1}LR 12199 {e1306 {97 {611 {108 for}£L {r1} 16 {e¥l [a1}£6 {a3¥8 @9 ey
{oSET00  {xSIT00  {@PEE00  {sT966°0  {e94P00  (PPEO0 (68200 (3L0T00  (nSSI00  {pPLE90 (199100 (04100 (386100 (298100 (L1000 e
JonFOTON  (oECTI00 (gEHT00 {n66OF 0 [eRTE00  p0LT00 L9100 (pFFT00 p6ET0°0 pFEOeT0 [efI00 61100 [oFRT00 (62100 [mEeTTon oa

[FILR0R0 (36299 T (5000670 (1886670 @ESSOT [ PEILT (169801 (pTY0LT  (gB0EL T (VISE0  EVETE  (@ITLOT  [g0S0EE  (;)LILL0T aPB0LT () EMIN
QOPES0 gRTO0T (26670 4erjSRET'FET  [(pESRGT  [puyfRILT  [9GR0°T (glS0LT  [STLT  {pRT00°C  [enROTE'E (g0TLOT  [z)0002°€  8LL0°T  (g6369°T (9) IMW
(AP0 p@0li T 4129970 (PEED0 [ LE€IL T (pnB6L8 T [FRRY0  (on [T9R'T 4epl€36'T (13692270 9161, (oB8L 1 (¢n98F8L (m9I08' 1T (nBOLRT (g) ASW
{rHESI00 {900 {z36080°0 {51004 598 [EI8C00 (162300 (FFe00 {09900 (94000 {1IGEE90  [£1ADSE0 {HOET00  {m1SREE0  {LAEROD {ereco0n .E a5
169790 (L B08E' T g 08GL°0 (b106BL0  [BFEET  (pL0LE°T  (BOERO (o TFOET  (gLFSET  ((TGOF0 ) €9E0T  [gB088° T (g0FFOE  (gTEPET 182021 (¢)|svig|
fraeEa T JurefFa {ey2EFT°0 {o1pHETYHT prRLET0 [orpRLET0 [epBGe T P9S80 [pBEREE0 [pE6HL0 996770 {ET0 {zFUEFO 3975870 [ayRFET0 n@ MNemgr| g

{1188 {5305 {ohdE {E1148 199 {11194 {5177 {01154 {11194 {a} Bl {r1116 {ridr 151186 fa} LS sl SpuEg
{2 AFEOD (R9T0°0 (1 9FE00 {3l GHG°0  [C6R0°0  [@RLE00  prLRE00  (gERE00 [(ZRFL00 {p00F0°0 [(ECR00 [(EFR00 [o399R0°0 [o3T9R0°0 [ TSR00 i |
{zrOPZO0 [ERTOD [ 6ET00 {a1PGET 0 [} LEE00  [gE610°0 66100 [gPEI00 [(TLT000 [ POEE0 [ GLT00  aR910°0 [ LLT0000 [ ELT0°00 [ PLTO0 =g

{opPELR0 68991 BEF6'0 (FER66°0  @ETEY T [onBLlOLL (080T [p@60L T [pnll0S'L (8RS0 proREGNE (9982971 (99608 (mFI189°1 8Tl (F) HHW
{IHGELE0 {a0PF L {aPSTE0 {5 E6ELLLL GIEISST  [(}l669° 1 [£)LSE071 RIGPLOT (384041 {pSTPSLS ea6LS0°FE [(A8899°1  [nSCC0E [o}15C971 ep 1891 (g) aun
{abB0EF'0 T T88L T 5 0FLE°0 [pIPRED'0  (ATELT (o PLO8TT  (6OLO0 | pRBORT (5 E60°T  (j000T0 [ RROL0 ([ OR0RT (g S0LET0 g 060RT o 08leT  (g) dASI
FECTO0 (R0 002070 (erCI6ZERE  [6SC00  [rSS000 [O0FE00 (9800 (0200 p9R690  EnD0RZ0 (08900 pn961E0  [@E00°0 m0FA00  (4) S
{ebSCE00  LpICEETL {09DELD [r106EL'0 (@162 (3E996° T {}PEEH'0  [BLOCTL {p60PF L [BOETO {p ) SLPE ({NEFE {eSLLF S (a}2CPETT  {maP6OE1  (g)|smig|
IRy s:raranli] [q}ATE 0 m8IFT0 [e11 VOGO LT ILEET O [p1BTVET0  [6€ET0 [ICTIET0 (890870 [ 1TELL0  [u1LBCT°O [ACOST0 [ VEET 0 (4}E8PT0 [EesTo  (gisvig| ooz

{IHE {e98 {z}SE {e1}28 {0194 {21178 {r}sT {2)59 {1194 (o164 {p1}0R (L8 {o1}96 {e}vr ORI L JEe
{ubEPOD  {gHBE00 {08700 {70660 (p9LE00 {sI61P00  (mISEr00  [LTEOD {81800 {196 [19EE00 [pLECOD  [(19880°0 {81800 {02000 T
[HEG00 @YD orpd6E0°0 (RG0S0 [ TEEN0  (g10680°0 @000 TR0 (0FE0°0  pE9 [TEEN0  (BEE00  [TEEDD (6TE00 TR0 e

IETPR0 [JEC00 T  [€066°0 (188660 [IEOSOT [ TEILT [€IE0T  [onOP0LT (L6061 [j006V°0 [ 0PITE (66201 [ S6VTE (580201 [201LT  (g) HUIN
JRLGRT (pRGEL T ) 0LT0°T e CLTROT {FITOEOT  [prpTl0L°T  (e3P660°T PLPLT  ISTOE  {p0ERG'T  [prPTLATE  (gf0CL°T e TTOEE [g)flfl'1 R 0CL T (g) NI
{pAPUT0 Sl yepEEHEYl (PEEDD  ()BYELT (@681 [9BRDY0  (onpU09ST  (enlE€F9E  (BELL0 (98960 (gIRELT (¢n9EETL  (g66ELT (n98Ls1  (F) ASKW
{ST00 (B0 (HEPT0°0 0667 2L [TER00  [pETL000 082000 (L6000 [ n0B60°0  [p18T05°0  olORT0 (66000 pTPET0 (1080070 (860070  (g) HSW
{spTELO'D  ()8CEE'T  (gEFOL0 (#I0GOL0  [9)TSEE'T  (ar)S0L8°T  ()0LTS0  [pnlEOE'T  (gr)LlG267T [0ZEE0  rTI6FE  (gR0FET  (qSGISE  [(@FIFET  IR08 T ()|svig|
(pLFETO 460980 (598970 @nE929°9T  0EFE0  [op9692°0  (6F0T0 (4 T80920 [nBE0E0  [ElPL0  polSlF0  (9939T0  (en@08T0 (g T68T0 (992970 (@)levig| 001

{1HE {a}¥S {56 {e1}L8 12395 {ed 18 {s15F {6189 08 {oi} B {51} 86 {a155 316 =8P (300 sprEy I
UPESOT 0500 (o 0RGD0 (aTRE'D [ BLE000  (F900°0 900 (@RER00 (06F00  [ppATER0 G000 (m60F00 (390200 [ TREOD (6500 a3 |
(i ETPO0 [ TEE0°0 [pP0r00 {901 T66T°0 [pRE00°0  [(BRE00  STTO0  [ELE00 [OPEO0 [ LLRE0 [(0SE0°0 (m98E00  [0SE00  [m€EE00  [B8TE0D bt = |

{epdPOR0 pASL9° 1 yepAR96°0 (1188660 @EESY T nBlEL T (8107 @alSILT  (en90FEE  (B0SF0  [onEBEEE  (EERYT  pnE0SEE (589891 pnl98LT  (f) HHIWN
{1}CEE6°0 {p6 LT {z}GBED L {¢11BS61 T8 pISLLST [ 1BEPLT 1667071 {AB0ELT  [(}DEE S {m)1SSE8T  (mISECHT {SLEL T {m}IGI8E {511 1691 {«H0EELT @_., WU
(s} OEET'0 3 IRGL' T 4gpLl06S°0 [PIPRED'0 [ FORLT  (ERO8T [ FF000 (o STORT (i ITTFE  (LRFT0 19900 (gTGIR'T  qgqPCLes  (8RIRT 590167 (&) dSW
OTEON (889070 (A220°0  @@R9FURT  9RS0T0  un@TL000  [@L9E00 (@I890°0  nBGTT0 90990 @ErBBST0  (m9690°0 [nPRRTD (m@9090°0  (nTROCO  (4) IS
{60 80P 1 (01LLD I066L'0  [@9ZEET  (nDLALET  [EFIN0  (abFLET  (ePEBLT  (LD9EV  (e)9ISEE  {£S0PEl  {p@08E'E  (a}ESPElT  {maPISE1  (g)|smg|
(EOPTO yaBLEE° 0 [pACGT70 [g1}1 FBTE'TT BIOLET0  [3ST100°0  [(mVLIT0  [4ORSE0 [ J0EEE0  (1EVELO [ PETFO  [Ll09T0 (znBTEVO  [qLEST0 [qERET0 (g)|svig| 04

{1H1E 16412 {z}PE {er}LR 12329 {a1}L6 {5}6F {z1pd {1176 {or}£L {307 {r1y8L (T {13£9 {ope0  equey
{upB0TT 0 @RS00 g r0TT0 {a1EGEG0 (106210 [p1S001T°0 [p9SET0 986000 [aPGS00 [pPELST0 [ TPRO0 (p99H00 0 [p8ER0°0 0 [ EER0°0 608070 g7 |
LOBILDT RS0 [mRI0T o TG0 99800 oRGL00  a@ERI0 RS0 009070 [p0L9R0  [@TEE00 E0000 EER00 BRI PAL0D e

{EHS968°0 (5 S080° T ) T916°0 [1RR66°0 [ TEEOT [ ITSLT  [€E00'T [ E8EL T (9920 [(ELLVO  [(mE0PGT 6260 T [SE9GT  [P669°T  (pnPRELT  (g) FHW

LG0T o FOL T 42106771 {e00FT°09  [p6G96GT  [p6@l67T [oRFETT [EHEELT  [pGO6'T  [pERGET  [o)0029°T 4 6TFRT {12029 T [g)06GEL'T LROCLT  (g) HHW

{zpSUTS0 (g AR08 1T 4 0RLE0 ITBED0 [@@BFLT  [EUL6TT  (BLF90  [pnEFIET  (enBEITL  (@9LL0  (B9ETT  (opB6EEl  [IELT1 (1 PESET  (enEF96T  (F) ASW

[PPSO o8RL0°0  BLE0°0 o} TEP000T  [38690°0 [ PO60°0  [(GTP00 [ I9L0°0 [z VOETO0 pPELY0 [ PSO00 [ PIRO0 [ PEE0T0 (67200 [y€EL0°0 (8) IS

(EITLTL0  (pFFFE T (g)B0GL°0 [FI060L0  (mSTEET  (prLlT0FT [9)9Z080  [prLlERET (gS0LF'T [(RIRE0 (90LETT  [ppEFEET [ROSTT ()9628°T  (erle6eT  (f)|suig|

{3 9FOT' 0 qorp@A98° D 4o PELTO ciBIE06 (i PEEZ0 (p6Y9ET0  (p@URT0 EnFOFF0 (pl6E9°0 [ TERE0  (pfRLT0  (qOEFE0  (g8E08°0  ()9897°0  (@)|eoig| g1
HANTEW  HATSSIW OS5 M HOSOY  HATVSIN HUVSIN HOVLT HETIM SOV 1) 5N HNAD qav N oA i




711

International Journal of Statistics in Medical Research, 2025, Vol. 14

Bilal-G Family of Distributions

Partial and Overall Ranks for all Estimation Methods of the BE Distribution from 1
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D~

- 1
Bias : | Bias(@)l =— ) 16-61,
O = E
D~
MeanSquaredErrors : MSE = L 2(0— 0)’
D i=1 '
19,5
MeanRelativeErrors : MRE = —E 10-61/0,
D i=1
1 D n ~
AverageAbsoluteDifference : D, =5 ;; 1G(x;10)-G(x; 18)1,
1 D ~
MaximumAbsoluteDifference : D,,. = ) Emax 1G(x;10)-G(x;10)],
=

where the parameter vectoris ©®=(0,a, f3) .

The partial and overall ranks for the fifteen
estimation methods of the BE distribution, summarized
in Table 2, reveal a clear hierarchy of performance
across varying sample sizes n. The overall ranking,

determined by the sum of ranks (ERanks ), consistently

indicates that the MSLNDE method is the best
performing estimator, achieving the first overall rank
(rank 1) across all considered sample sizes, from
n=15 to n=500. Following closely behind, the
MSSDE method secures the second overall rank (rank
2) throughout the simulation study. This stability in the
top two positions suggests that these methods are
generally robust to changes in sample size. Further
examination of the partial ranks shows that the
MSLNDE method’s superior overall performance is
primarily driven by its effectiveness in estimating the
parameter 6, where it achieves a rank of 1.0 for all
bias, mean squared error, and mean relative error

metrics (|Bias|(0), MSE(0), and MRE(9)) across all
sample sizes. For the parameter g, MSLNDE
consistently achieves a rank of 2.0. Similarly, the
MSSDE method ranks 2.0 for all 6 metrics and 3.0 for
all ﬁ metrics, reinforcing its second-place overall
standing.

Conversely, methods like MSALDE and CVME
generally exhibit poor performance, with MSALDE
consistently placing near the bottom (rank 15), and
CVME also ranking poorly for larger sample sizes
(n=50). The RTADE method is notably poor in
estimating the parameter 8, consistently ranking 1.0

for ﬁ metrics, but performs poorly for 6 metrics,

leading to an overall mid-to-low rank. A different trend
is observed for the goodness-of-fit metrics, D, and

D,.., which measure distributional distance. Here, the

best overall methods (MSLNDE and MSSDE) do not
dominate. Instead, the MLE and the ADE frequently
achieve the lowest ranks (1.0 to 4.0) for these metrics,
especially as the sample size increases, suggesting
they provide a better fit to the empirical distribution
function despite having less favorable performance on
the parameter-specific metrics. The overall ranking,

being a composite measure, thus prioritizes the
accuracy of the parameter estimates (bias and error)
over the fit statistics for this particular study. These
inference from Table 2 are due to the simulation results
contained in Table 1 and the plots which provide visual
illustrations are in Figures 3, 4, 5 and 6. A visual
summary of the performance of the estimation
methods, ordered by rank, call heatmap for case 1 is in
Figure 7.

The comprehensive ranking of estimation methods
for the BE distribution, presented in Table 4, provides a
clear assessment of their performance under different
sample sizes, n. The overall performance, determined

by the sum of ranks (ERanks ), indicates that the

MSLNDE method is the best estimator, consistently
achieving the first overall rank (rank 1) for all sample
sizes from n=50 to n=500. For the smallest sample
size, n=15, MSADE performs the best overall (rank 1),
though MSLNDE is a close second (rank 2). As n
increases, MSLNDE, MSSDE, and MSADE solidify
their positions as the top three overall performers.
Upon closer inspection of the partial ranks, MSLNDE’s
excellent performance stems from its effectiveness in
estimating the 6 parameter, for which it maintains a
rank of 1.0 across all bias, mean squared error, and

mean relative error metrics (|Bias|(é), MSE(®), and

MRE(é)) for all sample sizes. For the B parameter,
the performance is less consistent, with the KE method
dominating by achieving a rank of 1.0 for all ﬁ metrics

for n=50. The MSLNDE method’s rank for ﬁ is 3.0 for
all n=50. The MSADE method exhibits strong
performance at the smallest sample size, n=15, where
it achieves the best overall rank and ranks second or
third for all 6 metrics. This suggests MSADE is
particularly well-suited for very small samples.
However, as n increases, its overall rank generally
falls, though it remains in the top five. The MSSDE
method shows stable, strong performance, typically
ranking second or fourth overall, and consistently ranks
20 or 40 for all 6 and ﬁ estimation metrics,

respectively, for n=100 .

In contrast, several methods consistently perform
poorly. The CVME and OLSE methods frequently fall
into the lowest overall ranks, particularly as the sample
size grows. Additionally, the WLSE, LTADE, and KE
methods generally perform poorly overall, with the
exception that the KE method is highly accurate for the

p parameter estimates, achieving rank 1.0 for all ﬁ

metrics for n=50. The RTADE method is consistently
poor across all metrics and sample sizes. A noticeable
pattern emerges for the goodness-of-fit metrics, D,

and D which measure distributional distance. Here,

max
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Figure 8: Graphical representations for the Bias values presented in Table 3.
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Figure 9: Graphical representations for the MRE values presented in Table 3.
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Figure 10: Graphical representations for the MSE values presented in Table 3.
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Figure 11: Graphical representations for the D,

i

A=15

and D, .

values presented in Table 3.
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Figure 12: Partial Rank Heatmap for simulation in Table 3.
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Figure 13: Graphical representaions for the Bias values presented in Table 5.
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Figure 14: Graphical representations for the MRE values presented in Table 5.
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Figure 15: Graphical representations for the MSE values presented in Table 5.
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Figure 16: Graphical representations for the D,
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Figure 17: Partial Rank Heatmap for simulation in Table 5.
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Numerical Values of Simulation Measures for 6 =0.02,5=0.15

Table 5
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methods like MLE, ADE, and WLSE achieve the best
ranks (1.0 to 6.0), especially at larger sample sizes,
despite their generally lower overall ranking based on
the sum of all metrics. This indicates a trade-off where
some estimators may be better at fitting the overall
distribution shape but are less accurate in their specific
parameter estimates (bias and error). The overall
rankings, therefore, prioritize the accuracy of the
parameter estimates. These inference from Table 4 are
due to the simulation results contained in Table 3 and
the plots which provide visual illustrations are in
Figures 8, 9, 10 and 11. A visual summary of the
performance of the estimation methods, ordered by
rank, call heatmap for case 3 is in Figure 12.

The summary of partial and overall ranks for the
estimation methods of the BE model, as detailed in
Table 6, demonstrates clear patterns in estimator
performance across different sample sizes, n. Based
on the comprehensive ERanks, the MSLNDE method
is consistently the best overall estimator for larger
sample sizes, securing the first rank (rank 1) for n =50
and the second rank (rank 2) for n=15. The MSSDE
method provides the closest competition, consistently
achieving the second rank (rank 2) for n =200 and the
third rank (rank 3) for n <200. Considering parameter-
specific performance reveals that MSLNDE’s overall
dominance for n=50 is primarily attributable to its
exceptional accuracy in estimating the 6 parameter. It

maintains a rank of 1.0 for all & metrics (|Bias|(é),

MSE(@), and MRE@)) when n=50. For the g
parameter, MSLNDE also performs very well, ranking
2.0 or 3.0 for all ﬁ metrics for n=50. The MSSDE
method follows a similar pattern for the 6 parameter,
consistently ranking 2.0 or 3.0 for all 6 metrics for

Table 7: Datal

n=50 . A notable exception to the general trend occurs
at the smallest sample size, n=15, where the MSADE
method takes the first overall rank (rank 1). At this

sample size, MSADE achieves a rank of 1.0 for all 6
metrics, outperforming MSLNDE, which ranks 3.0 for
these metrics. This suggests that MSADE is particularly
effective in small sample situations. The KE method,
while consistently ranking poorly overall (typically rank
11 to 13), exhibits superior performance in estimating

the pB parameter, achieving a rank of 1.0 for all ﬁ
metrics for n =50 .

Conversely, several methods consistently perform
poorly across the board, particularly for larger sample
sizes. The CVME, OLSE, and WLSE methods, along
with RTADE, are frequently found in the lowest overall
rank positions (e.g., CVME with rank 15 for n=100).
When considering the goodness-of-fit metrics, D, and

D, , there is again a divergence from the overall

ranking. Here, the MLE, ADE, and MPSE methods
often achieve the best ranks (1.0 to 4.0), especially at
larger sample sizes, suggesting these methods are
better at modeling the distribution’s shape even if their
specific parameter estimates are less accurate than
MSLNDE or MSSDE. The overall ranking, however,
suggests that minimizing the error and bias in
parameter estimation is given greater weight in the

ERanks metric. These inference from Table 6 are due

to the simulation results contained in Table 5 and the
plots which provide visual illustrations are in Figures
13, 14, 15 and 16. A visual summary of the
performance of the estimation methods, ordered by
rank, call heatmap for case 5 is in Figure 17.

0.9636 | 2.7852 | 3.8628 | 2.6436 | 3.0120| 2.1780| 1.7952| 1.9236

1.0176| 1.3272| 2.9796 | 2.3520 | 2.8644 | 1.0488 | 1.1244 | 2.0904

.9852 | 3.0468 | 2.4324 | 2.0088 | 2.1444 | 1.9680 | 0.6228| 1.1328

0.8964 | 1.0008 | 2.0436 | 2.4972| 2.3556 | 2.5644 | 0.9684 | 2.2452

.9872 | 1.8420| 1.4724| 1.3980| 1.6176| 3.6120 | 2.6088 | 0.5436

0.9972| 1.6212| 1.8540| 0.3120| 0.5400 | 1.4844| 1.2264| 1.0068

.6204 | 0.9888| 1.5948 | 1.6320| 1.3668 | 1.2876 | 0.7500| 1.9596

1.3944| 1.4088| 1.6368| 1.2360| 1.1760 | 0.9648 | 0.4200 | 0.7308

.9768 | 1.0896 | 0.9696 | 0.9072| 0.7056 | 0.3612 | 0.9648| 0.8772

0.7800| 0.6192| 0.9084 | 0.6168 | 0.6972| 0.7512| 0.5760| 5.2956

.6624 | 5.6340| 8.9772| 6.2292 | 4.3596 | 7.9320 | 9.8988 | 6.9984

3.6084 | 6.5124 | 3.6732| 3.9936 | 2.0640 | 3.5124| 6.4104 | 6.0204

1452 | 2.6064 | 3.0852 | 4.5780 | 8.7624 | 4.7412| 3.8220| 2.1216

3.7956 | 2.8380 | 1.9284 | 5.5704 | 7.7268 | 5.2872| 6.0252 | 4.3560

5904 | 3.8472| 2.0364 | 2.6544 | 5.9604 | 4.7040 | 5.7300| 2.0988

2.2500| 4.1808 | 1.9716| 6.0948 | 4.8648 | 4.0176 | 5.1300 | 1.9368

4916 | 3.9744 | 3.6840| 2.9448 | 2.7960| 3.2352 | 7.2252| 5.2176

1.0884 | 1.9956 | 3.2436| 3.7092| 0.6240 | 1.0800 | 2.9688 | 2.4528

.0148 | 1.2420| 1.9788 | 3.1896 | 3.2652| 2.7336 | 2.5752| 1.5000

3.9204 | 2.7888 | 2.8176 | 3.2748 | 2.4720| 2.3532| 1.9308 | 0.8412

4628 | 1.9536| 2.1792| 1.9392| 1.8156| 1.4112| 0.7224| 1.9308

1.7556| 1.5600| 1.2384 | 1.8168| 1.2348 | 1.3956 | 1.5036| 1.1532

.2360 | 2.9304 | 4.5072| 7.1808 | 4.9836 | 3.4872| 6.3456| 7.9188

5.56992| 2.8872| 5.2104 | 2.9376| 3.1944 | 1.6512| 2.8092 | 5.1288

.8168 | 2.5152| 2.0844 | 2.4684 | 3.6624 | 7.0092 | 3.7932| 3.0576

1.6968 | 3.0360| 2.2704 | 1.5432| 4.4556 | 6.1812 | 4.6764 | 1.3188

.7068 | 6.6516| 3.8244 | 3.1848 | 3.7476| 4.5180 | 5.4912| 7.3872

3.4908 | 3.0804 | 3.3684 | 4.1184 | 3.0912| 1.3176| 3.4884 | 4.9176
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Table 8: Datall
1.43 0.11 0.71 0.77 2.63 1.49 3.46 2.46 0.59 0.74 1.23 0.94 4.36 0.4 1.74
73 2.23 2.23 0.7 1.06 1.46 0.3 1.82 2.37 0.63 1.23 1.24 1.24 1.186 1.17

7. APPLICATIONS

Data | consists of 224 observations and represents
the mortality rate of patients during the COVID-19
pandemic in Canada. The data is contained in [39] and
reported in Table 7.

Data Il is the failure interval time for 30 fixed
components studied by [40-43] presented in Table 8.

Table 9: Summary of Basic Statistics

Measures Data | Data ll
n 224 30
10} 1.4061 0.7475
0, 3.8226 2.1275
IQR 2.4165 1.3800
Outlier 9772, 7.932,
.8988, 8.7624, 4.36,4.73
7268, 7.9188
Mean 2.9013 1.5552
Median 2.4702 1.2350
Standard Deviation 1.9053 1.1155
Variance 3.6301 1.2444
Range 0.5868 4.6300
Skewness 1.0794 1.3405
Kurtosis 3.8597 4.4203

Table 9 summarizes basic statistics for two
datasets, Data | and Data ll, which have vastly different
sample sizes (n=224 and n=30 respectively). The
measures of central tendency, Mean and Median, are
higher for Data | (2.9013 and 2.4702) than for Data Il
(1.5552 and 1.2350). Both datasets show positive
Skewness (1.0794 for Data | and 1.3405 for Data ),
indicating a distribution with a longer tail on the right
side, but this is more pronounced in Data Il. The
Median is noticeably lower than the Mean in both
cases, which is consistent with the positive Skewness.
Measures of dispersion, such as Standard Deviation
(1.9053 vs 1.1155), Variance (3.6301 vs 1.2444), and
Interquartile Range (2.4165 vs 1.3800), are all higher
for Data |, suggesting that Data | is more spread out
than Data Il. Both datasets contain outliers, with Data |
having six high values and Data Il having two high
values. The Kurtosis values (3.8597 for Data | and
4.4203 for Data Il) are greater than the standard value

of 3 for a normal distribution, suggesting that both
distributions are leptokurtic, meaning they have heavier
tails and a sharper peak than a normal distribution, with
Data Il exhibiting a slightly higher degree of
peakedness. Interestingly, the Range for Data |
(0.5868) is much smaller than Data Il (4.6300), despite
Data | having a much larger sample size and greater
measures of variability, which is unusual and suggests
a potential miscalculation or special context for the
Range in Data |, perhaps indicating it only represents
the range before accounting for the listed outliers, or it
is a typo since the minimum to accommodate the listed
outliers must be much larger than 0.5868.

The competing models are the Weibull distribution
by [44], the Gumbel distribution by [45], the new
generalized logistic-x  transformed exponential
(NGLXTE) distribution by [42], and the type-l heavy-
tailed exponential (TIHTE) distribution by [46].

A comparison of model fitness for Data | and Data
II, presented in Table 10, suggests that the BE
distribution provides the superior fit for both datasets.
For Data |, the BE model yields the highest log-
likelihood ( LL =-426.76) and the lowest values for the
information criteria: AIC (857.5228), CAIC (857.5771),
BIC (864.3461), and HQIC (860.2770). Generally,
lower values for these criteria indicate a better model fit
relative to its complexity. Furthermore, the BE model
has the smallest Anderson-Darling (A=0.4316) and
Craméra€“von Mises (W =0.0600 ) statistics, measures
of  overall goodness-of-fit, and a small
Kolmogorova€“Smirnov ( KS=0.0440) statistic with a
large p-value (0.7795), confirming that the null
hypothesis of the data following the BE distribution is
not rejected. Among the competing models, the Weibull
and KMDUSW distributions offer the next best fit, with
similar statistics.

For Data II, the BE model again exhibits the highest
log-likelihood (LL=-3944) and the lowest values
across all information criteria, such as AIC =82.8735. It
also maintains the smallest W (0.0437) and A
(0.2616) statistics. The BE model's KS statistic
(0.0922) and its associated p-value (0.9606) are strong
indicators of its good fit to Data Il. The TIHTE model is
a strong contender for Data ll, showing a very close
log-likelihood and information criteria values, and the
smallest W and A statistics, though the BE remains
the clear overall best performer based on the combined
criteria. The NGLXTE model consistently provides the
poorest fit for both datasets, as indicated by its lowest
log-likelihood and highest information criteria and
goodness-of-fit statistics.
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Table 10: Measures of Fithess and Model Performance

Data Model LL AlC CAIC BIC HQIC w A KS P-value
6* | BE -426.76 857.5228 | 857.5771 864.3461 860.2770 0.0600 0.4316 0.0440 0.7795
Weibull -427.75 859.5098 | 859.5641 866.3331 862.2640 0.1313 0.9181 0.0532 0.5503
Gumbel -433.14 870.2768 | 870.3311 877.1001 873.0310 0.1709 1.2285 0.0627 0.3418
KMDUSW -427.93 859.852 859.9063 | 866.6753 | 862.6062 0.1324 0.9236 0.0527 0.5619
NGLXTE -437.21 878.4287 878.483 885.2520 | 881.1829 0.3433 2.2470 0.0803 0.1115
TIHTE -431.04 866.0753 | 866.1296 | 872.8986 | 868.8295 0.0625 0.4154 0.0749 0.1615
6* 1l BE -39.44 82.8735 83.3179 85.6759 83.7700 0.0437 0.2616 0.0922 0.9606
Weibull -39.76 83.5171 83.9616 86.3195 84.4136 0.0606 0.3613 0.1160 0.8140
Gumbel -40.25 84.4974 84.9419 87.2998 85.3939 0.0577 0.3456 0.1235 0.7498
KMDUSW -39.67 83.3498 83.7943 86.1522 84.2463 0.0578 0.3429 0.1118 0.8475
NGLXTE -41.32 86.6406 87.0851 89.4430 87.5371 0.1136 0.6924 0.1622 0.4092
TIHTE -39.64 83.2799 83.7243 86.0827 84.1764 0.0357 0.2105 0.0357 0.2105
Table 11: Maximum Likelihood Estimates and Standard Errors
Data Model Scale Shape
| BE 4548 .5865
(0.4413) (0.4578)
Weibull .2551 .6150
(0.1424) (0.0823)
Gumbel .0562 3771
(0.0965) (0.0755)
KMDUSW 5751 .1566
(0.0813) (0.0210)
NGLXTE .8620 1967
(0.0467) (0.0081)
TIHTE 1159 .5842
(0.0353) (0.9727)
I BE .7145 .3340
(0.0588) (0.1732)
Weibull .7293 4987
(0.2226) (0.2063)
Gumbel .0847 7541
(0.1441) (0.1128)
KMDUSW 4657 4515
(0.2036) (0.1103)
NGLXTE .9363 .3633
(0.1387) (0.0439)
TIHTE .1804 4521
(0.1179) (2.6624)
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Table 11 presents the maximum likelihood
estimates (MLEs) and their standard errors for the
scale and shape parameters across all six models for
Data | and Data Il. A comparison of the point estimates
reveals significant variability in the parameter values
between the different models and datasets, reflecting
distinct distributional characteristics. For Data |, the
Weibull model has the largest scale parameter
estimate (3.2551), while the TIHTE model exhibits the
largest shape parameter estimate (3.5842). When
evaluating the precision of these estimates via their
standard errors, the NGLXTE model consistently
shows the most precise estimation of the shape
parameter across both datasets, with notably small
standard errors (0.0081 for Data | and 0.0439 for Data
II). Conversely, the TIHTE model for Data Il shows a
considerable lack of precision, particularly for its shape
parameter, which has an exceptionally large standard
error of 2.6624 relative to its estimate. Overall, the
standard errors are generally smaller for Data II,
indicating more precise parameter estimation for that
dataset, with the BE model having the most precisely
estimated scale parameter (0.7145, standard error
0.0588 ).

The BE distribution’s shape parameter is a primary
indicator of its failure rate (hazard function) behavior

over time. The estimated shape parameters ﬁ for the

BE model in Table 1 are both greater than 1, leading
to specific conclusions regarding risk. The general
trend is Increasing Failure Rate (IFR) For both Data |
(B=15865) and Data Il (3=13340), the shape
estimates are >1. This strongly suggests that the
underlying failure process is governed by an Increasing
Failure Rate (IFR) trend, where the risk of failure rises
as the component or subject ages, characteristic of a
wear-out phenomenon. The hazard shape is an upside-

down bathtub. A shape parameter /3’>1 in the BE

(a)
Figure 18: Boxplot in Violin of (a) Data | (b) Data II.

model typically corresponds to an upside-down bathtub
(unimodal) hazard function. This implies that the risk of
failure:

i Initially increases rapidly from time 7=0.
. Reaches a peak level.
. Gradually decreases at very late ages.

This pattern often models initial high-stress or
random defect failures that peak during the early to
mid-life span of the system.

The estimates for Data Il are more precise than
those for Data |, providing greater confidence in the
inferred risk behavior for the second dataset.

Figure 18a for Data | shows a distribution that is
unimodal and slightly skewed, centered around a
median of approximately 3.5, with the bulk of the data
ranging from about 0 to 8 and a maximum around 12.
Figure 18b for Data Il displays a broader, more
platykurtic distribution, also unimodal, centered near a
median of 1.5, suggesting greater variability compared
to Data I. Data | appears to have a higher median and
less spread than Data Il, whose data points are more
dispersed across the range from roughly -1 to 6.

These plots compare the histograms of two
datasets, Data | and Data Il, against the probability
density functions of six different statistical distributions.
In Figure 19a, the histogram for Data | is roughly
unimodal and slightly skewed right, with the BE,
Weibull, Gumbel, and NGLXTE distributions appearing
to provide a visually closer fit to the data’s density than
the others. Figure 19b shows that the histogram for
Data Il is also unimodal but less skewed than Data I,
and the BE, KMDUSW and Gumbel distributions seem
to align reasonably well with the shape of the observed
data. Both plots illustrate how various theoretical
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Figure 20: Total time on test (TTT) plots for (a) Data | (b) Data .

distributions attempt to model the underlying frequency
or density of the respective datasets.

Figure 20a for Data | shows the Total Time on Test
(TTT) plot is mostly concave, remaining entirely above
the diagonal line, which suggests a distribution with an
increasing failure rate or Increasing Failure Rate (IFR)
property. Figure 20b for Data Il exhibits an S-shaped
curve that is initially convex and then becomes
concave, crossing the diagonal, indicating a distribution
with a bathtub-shaped failure rate or a Decreasing
Failure Rate (DFR) followed by an IFR. Since both
plots lie above the diagonal for a significant portion,
both distributions generally suggest an increasing
failure rate over time, especially Data |, which shows a
consistently increasing risk. These support the hazard
profile in Figure 20b, hence validating the use of BE
distribution in fitting the two datasets.

Figure 21 presents the profile log-likelihood plots for
the parameters 6 and [ based on Data |. For both
parameters, the profile log-likelihood curve is nearly flat
across the displayed ranges, meaning the value of the
negative log-likelihood changes very little for a wide

0.5
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0z 03 04
"l.

01

Tiimi
06 08 10

04

0z
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range of parameter values. The maximum likelihood
estimates (MLEs), marked by the red dots, are
approximately 6=2.1 and =06, and due to the
flatness, the resulting 95% confidence intervals are
extremely wide or essentially unbounded within the
plotted regions, as the flat line never reaches the
critical dashed threshold (which is not visible for 6 or

B).

The two plots in Figure 22 show the profile negative
log-likelihood for parameters 6 and S, respectively.
The maximum likelihood estimate for 6 s
approximately 2.0 and for 8 is approximately 1.0, as
indicated by the lowest point on each flat profile. Since
the profile negative log-likelihood is constant and below
the dashed line for the 95% confidence level (95% CL)
across the plotted range, the interval is not closed and
the data provides very little information to constrain
these parameters.

The Probability-Probability (P-P) plots in Figure 23a
show that the empirical data points for Data | are

generally close to the 45° dashed reference line for
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Figure 22: Log-likelihood Profile for Data Il.

most of the distributions, suggesting a reasonable fit for
Data | by several of the models. The P-P plots in Figure
23b for Data Il, however, show that the data points
deviate noticeably from the reference line for all
distributions except the BE, with a few plots like
NGLXTE showing particularly poor alignment. These
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deviations indicate that none of the tested distributions

provides a good fit for Data II.

The Quantile-Quantile (Q-Q) plots in Figure 24a
show that the empirical quantiles for Data | generally
align well with the theoretical quantiles for most of the

FP-F Plol: BE P-P Plol: Weilul P-F Plol: Gumbel
q Pl = Pl & §
' I &
- -
J F) = F; 5 4
z i ) L &
& - o x -
£i - w ' &3 - o F &4
[ - 4 o L
- £ i # i
& iz 2 3= £
9 ‘u = I i o
+* 4 I 3 o
K ; ¥ i a/
= | =1 & 2 H
. ” h
. a* «*
1 = | s )8
00 92 04 00 08 1D 00 02 G4 08 0B 1D o0 02 04 00 0B 10
Thecssciesl Prabahiity. GOX) Thaorstical Probatsticy: G X} Theotercs Probabiiny GlX)
P Fiot: KMDUSW P-F Piot: NOLXTE P-F Flat: THTE
& B P ' £
¥ " -
J s = | LA - =
- i o L - v o = i
& : & 3 2
27 o 3] & . o
- g = ) ; = *
H i
H £ 2 < g
b s E 24 ‘.2 L "
i ¥ 0
: bl Bl ol
1 .4 s1 .8 51 .8
o ® .®
+ L o

T R
00 02 04 00 08 1D

Thacresiesl PreCaning. GX0

Figure 23: Probability-Probability (P-P) plots for (a) Data | (b) Data .

{ U S B
00 02 04 08 0B 10

Theoratienl Pichatstioy: G}

(b)

VR I I S AL
00 02 04 00 0E 10

Themeres Prtsbiny. 50X)



Bilal-G Family of Distributions

International Journal of Statistics in Medical Research, 2025, Vol. 14 731

G-0 Piot: BE -0 Plot: Weshii| G-Q Plot: Gumbe|

’
’

Empirical Cluaniies
Emprical Cuartins
Empiricsl Clusties

o 5 0 15 a 5 0 (L3 5 0 15

o

Theorstcal Cuartins Theomiica! Cumntles Theorstcal Cuartis.

Q-0 Plot: KMDUSW 0-0 Plol: NGLXTE 0-0 Flot: TIHTE

i’

Empinicel Quambes

Empincnl Quamsien
Empinicel Quamies

=
]
en
8
o
en
s

Thooretioa: Cuamiies

(a)

Figure 24: Quantile-Quantile (Q-Q) plots for (a) Data | (b) Data Il.

distributions, indicating that several of the models could
be plausible fits for this data. The Q-Q plots in Figure
24b for Data Il, however, display noticeable curvature

and deviation from the dashed 45° line for all the
distributions, particularly at the tails. This systematic
lack of alignment confirms that the tested distributions,
which were also poorly supported by the P-P plots in
Figure 24b, are not appropriate models for Data Il.

8. CONCLUDING REMARKS

This research successfully introduced and
characterized the Bilal-G family of distributions, a
significant advancement in the development of flexible
statistical models capable of capturing complex data
characteristics that traditional distributions fail to
address. By utilizing the Bilal distribution as a
generator, we derived the new family’s key theoretical
properties and specifically focused on the two-
parameter Bilal-Exponential (BE) distribution. The
analysis confirmed the BE distribution’s versatility,
showing its ability to model diverse shapes and exhibit
a consistently increasing failure rate, which was
validated by the TTT plots of the real-world data used
for application. The rigorous simulation study provided
critical insights into the best-performing estimation

methods; among the fifteen tested non-Bayesian
estimators, the Minimum Spacing Linex Distance
(MSLNDE) method demonstrated superior

performance, consistently outranking all others in terms
of minimizing bias and error across various sample
sizes, thus providing a definitive recommendation for
future parameter estimation involving the BE model.
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Most importantly, the application to two distinct real
datasets unequivocally established the BE distribution
as the superior model fit compared to five well-known
competing distributions, evidenced by its lowest AIC,
BIC, and goodness-of-fit statistics. In summary, the
Bilal-G family, through its BE sub-model, provides a
powerful and practical new tool for researchers needing
greater modeling flexibility in applied statistics.

8.1. Limitations and Future Work

While this study successfully introduced the Bilal-G
family of distributions and provided a rigorous
assessment of the Bilal-Exponential (BE) sub-model’s
properties, applicability, and estimation efficiency, it is
important to acknowledge certain boundaries of the
current work that naturally suggest avenues for future
research.

1. Scope of Estimation: The comprehensive
simulation study was confined exclusively to
non-Bayesian estimation techniques. While the
Maximum Likelihood and Minimum Spacing
estimators proved superior, the potential
robustness and performance improvements
offered by Bayesian methods remain
unexplored.

2. Univariate Focus: The development and
application of the Bilal-G family were restricted to
the univariate setting, which limits its utility in
modeling complex systems where components
or events are inherently dependent.
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3.

Regression Modeling: The practical application
was focused solely on fitting the distribution to
complete, non-censored data. The potential of
the BE distribution to serve as a baseline model
in regression or survival analysis frameworks for
handling time-to-event data with covariates was
not addressed.

8.2. Future Work

Building upon the robust theoretical foundation
established here, the

following directions are

recommended for subsequent research:

1.

Bayesian Inference: Develop and evaluate
Bayesian estimation methodologies for the
parameters of the BE distribution, incorporating
various prior distributions (e.g., non-informative,
gamma, or inverted-gamma priors) and utilizing
Markov Chain Monte Carlo (MCMC) techniques
for practical implementation.  Multivariate
Extensions: Derive and analyze bivariate and
multivariate extensions of the Bilal-G family to
facilitate the modeling of correlated data
structures in fields such as engineering, finance,
and biostatistics.

Bilal-G Regression: Propose and test a Bilal-G
regression model suitable for analyzing censored
data, which would significantly enhance the
family’s applicability in survival analysis and
reliability studies.

Alternative Baseline Distributions: Explore the
application of the Bilal-G generator with other
baseline distributions, particularly those that are
discrete (e.g., Bilal-Poisson) or possess unique
characteristics such as heavy tails or zero-
inflation, to further diversify its modeling power.

Alternative Estimation Techniques: Investigate
the performance of other robust estimation
methods not covered here, such as L-Moments
or modified maximum likelihood methods, to
ensure stability under different data conditions.
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