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Abstract: This paper develops an economic growth model with economic structure and geography. The economy
consists of one agricultural and one industrial sector and economic geography consists of urban and rural areas. The
model synthesizes the main ideas in the Solow growth, the Alonso urban, and the von-Thiinen’s agricultural models in a
compact framework. We simulate the model. We demonstrate that the economic geography has a unique equilibrium
point with the specified parameter values. We examine changes in the preference, productivity, urban and regional
amenities, transportation conditions, the population, and land endowment upon the long-term economic growth,

structure, and geography.
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1. INTRODUCTION

Over the past two decades, issues related to growth
with economic geography have increasingly caused
attention in economics (Krugman, 1991, 1998;
Henderson and Thisse, 2004; Capello and Nijkamp,
2004). Yet, it may be argued that economic geography
still needs an analytical framework for spatial evolution
and growth with capital accumulation. As early as in
1980, Arnott (1980: 53) points outs: “In the last decade
the static theory of residential urban location and land
use has been extensively developed. The theory has
generated many useful insights, but because it ignores
growth and durability of housing and urban
infrastructures there are many urban phenomena it
cannot explain.” Only a few formal urban economic
models can explain interactions, for instance, between
economic growth and land rent. Housing markets are
obviously interacting with economic growth. It is
imperative to build models with endogenous housing
markets and wealth accumulation on microeconomic
foundation in order to explain dynamic interactions.
Economics needs an analytical framework in which
interactions among economic growth, division of labor,
and resource distribution over time and space can be
treated as a consistent manner. For instance, the
development of agricultural sector is closely related to
the development of other economic sectors and land
use distribution is dependent upon the
interdependence of different economic sectors.
Moreover, these interactions are influenced by
resources, preferences and technological changes.
Land should affect economic structure. The propensity
to save should influence economic growth.
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Technological change should cause changes in
productivities and urbanization. All these important
elements and their interactions should be analyzed in
an integrated framework.

The purpose of this paper is to develop an
economic growth model with economic structure and
geography to explain dynamic interdependence among
growth, sectoral division of labor, and economic
geography. The economy consists of one agricultural
and one industrial sector and economic geography
consists of urban and rural areas. There are mainly two
kinds of land use. One is agricultural land use and the
other is residential land use. Our model synthesizes the
main ideas in the Solow growth, the Alonso urban, and
the von-Thinen’s agricultural models in a compact
framework. It is well known that most of the models in
the neoclassical growth theory model are extensions
and generalizations of the pioneering works of Solow in
1956. The Solow model is sometimes referred as to the
Sowlo-Swan model because Swan (1956) proposed a
model similar to the Solow model. The model has
played an important role in the development of
economic growth theory by using the neoclassical
production function and neoclassical production theory.
The Solow model has been extended and generalized
in numerous directions (e.g., Burmeister and Dobell,
1970). But almost all these studies do not have spatial
dimension (for instance, Baldwin and Martin, 2004;
Capello and Nijkamp, 2004). The purpose of this study
is to introduce the neoclassical growth theory into
spatial economics. As argued by Lucas (1988), it is
necessary to analyze wurban configuration and
economic growth as a connected whole. Partial
equilibrium models fail to explain interactions among
various sectors of economic activities over time and
space. For instance, current urban economics cannot
properly address issues related to how economic
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growth will affect residential distribution and land rent.
Although some attempts have been to apply the
neoclassical growth theory to address urban growth
issues, these models do not take account of land and
agriculture (Richardson, 1973; Henderson, 1985;
Henderson and Thisse, 2004). This study tries to
introduce agricultural sector to growth theory with an
alternative approach to consumer behavior.

A main feature of agricultural activities is that land is
used extensively. In our study, the agricultural sector is
a simplified version of von Thinen’s model of an
isolated state (Mundlak, 2000). It should be noted that
although Mundlak introduces a two-sector model of
industry and agriculture, the model is essentially the
Uzawa two-sector model, which lacks a rational
mechanism for individual choice and does not properly
take account of space. As pointed out by Blaug (1985),
the history of location theory begins with the publication
of von Thiinen’s Der Isolierte Staat (The Isolated State)
in 1826. Von Thiinen was concerned with the problem
of agricultural activities which center on the competition
of land use. He provided the classical analysis of
allocation of land among competing agricultural
activities. He started to construct the isolated state
economy with a very large town in the center of a fertile
plain. For convenience of analyzing issues related to
transportation, the plain does not any navigable rivers
or canals. The soil is of uniform fertility everywhere.
The plain is so huge that the state is absolutely isolated
from the rest of the world and the state is surrounded
by uncultivated wilderness. There is only a single city
where all manufacturing products are produced. The
city depends entirely on the surrounding countryside for
its supply of agricultural products. The question is how
under these circumstances will agriculture be
developed and how will the distance from the city affect
the agricultural sector when these are chosen in the
optimal manner? Von Thiinen showed that the town
would be surrounded by agricultural rings: each ring
cultivates a specific crop associated with the highest
bid rent over the ring. Nevertheless, he did not develop
an economic theory to see how agricultural production
and rural area is interrelated to economic growth and
urbanization.

Isard (1956) noticed that the ideas of von Thiinen
could be reinterpreted in the context of urban land-use.
Since then, there are some works, which mark a
conceptual transition between the earlier work of land
economists and modern urban economists (Beckmann,
1957, Mohring, 1961, Wingo, 1961, Muth, 1961). The
availability of a well-developed microeconomic theory

provided the theoretical foundations for the growth of
modern urban economics. Beckmann (1957) studied
the determination of equilibrium residential land rents
and quantities in a monocentric city, where all
employment and services are concentrated in the CBD
(central business district) surrounded by a residential
area. But it may be argued that the development of
modern urban economics has been strongly influenced
by the work of Alonso (1964). In his bid-rent theory,
Alonso pioneered the adaptation of von Thiinen’s work
on an urban context. The central market was replaced
by a central business district, and agricultural products
by alternative urban lands. According to Papageorgiou
and Pines (1999), Alonso’s greatest contribution was
his proposal for the matching between spatial analysis
and microeconomic theory that was necessary for the
development of modern urban economics. Similar to
the Solow model for neoclassical growth model, the
Alonso model provides a simple mathematical structure
based on which many articles have been published.
The Alonso model is concerned with urban land use
and market land prices. In its simple form, the model of
monocentric city assumes that all economic activities
are concentrated in central business districts, The
model explains pattern formation of the residential land
use around the CBD. The price of land, the density of
land use, and the equilibrium locations of the urban
population are endogenously determined by the model.
This residential part of our model is based on Alonso’s
urban model.

The objective of this paper is to study growth with
economic geography. We are concerned with the
residential land use pattern and determination of
industrial and  agricultural  production, capital
accumulation, sectoral division of labor, capital
distribution, and land rent over time and space. The
model is a one-dimensional model of residential and
agricultural location with a central business center. The
study is organized as follows. Section 2 defines the
basic model. Section 3 shows how we solve the spatial
economic equilibrium and demonstrate the existence of
a unique equilibrium point. Sections 4 to 5 examine the
effects of changes in productivity, amenity,
transportation, preference, population and territory
upon the spatial economic structure. Section 6
concludes the study. The appendix proves the main
results in Section 3.

2. THE MODEL

We are concerned with an isolated economy. The
economy consists of two — industrial and agricultural —
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sectors. The industrial sector produces industrial
goods, which are freely traded in national market. Itis a
capital commodity used both for investment and
consumption. The agricultural sector produces
agricultural goods, which is used for consumption of
the population. Agricultural goods are assumed to be
consumed simultaneously as they are produced. We
neglect possible storage. We assume perfect capital
mobility. As far as urban structures are concerned, we
follow the standard residential land-use model. The
basic features of this model are that the city is built on
a linear space as explained below. All residents in the
economy work in the CBD. People travel only between
their homes and the CBD. Travel is equally costly in
terms of time or/and money in the two directions. An
individual may reside at only one location. The only
spatial characteristic of any location that directly
matters is the distance from the city center. Due to the
complexity of taking both space and time in a general
equilibrium framework, at this initial stage we simplify
the structure of the isolated economic system. The
population is homogenous. It should be noted that
Beckman (1969) introduced heterogeneous
households into urban models (see also, Solow, 1973;
Beckmann and Papageorgiou, 1989; Anas, 1990;
Tabuchi and Thisse, 2002). Steigum (1984) studies
labor transfer processes in the context of a small open
two-sector economy with sticky real wages and labor
transfer costs. Steigum considers heterogeneous labor
and introduces training costs in labor transfer
processes in terms of output foregone when workers
already possessing industry-specific knowledge are
training new workers. The households achieve the
same utility level regardless of where they locate. All
the markets are perfectly competitive. The system is
geographically linear and consists of three parts - the
CBD, the urban residential area, and the rural area.
The system consists of a finite strip of land extending

from the CBD with constant unit width. We assume that
the industrial sector is concentrated in the CBD. The
workers employed by the industrial sector occupy the
residential area. We assume that the CBD is located at
the left-side end of the linear territory, as illustrated in
Figure 1. As we will get the same conclusions if we
locate the CBD at the center of the linear system, the
specified urban configuration will not affect our
discussion. The rural area is located beyond the urban
area. We neglect any internal complexity of the rural
area. The farmers live whether they work. There is no
travel cost for farmers in terms of time and money. The
rural land is distributed between dwelling and farming.
The boundary between the urban and rural areas and
the land distribution between dwelling and farming use
in the rural area are all determined by the market
mechanism.

The industrial production is the same as that in the
one-sector neoclassical growth model. We assume that
the industrial product can be either invested or
consumed. We assume that the total labor force is fully
employed by the industrial and agricultural sectors. We
select industrial goods to serve as numeraire. As we
assume that the transportation cost of workers to the
city is dependent on the travel distance, land rent for
housing should be spatially different. First, we
introduce

N and L — the fixed population and land of the
economy;

Zl(t) and Za(t) — the urban residential land and rural
land, respectively, at time ¢;

i, a — subscript index for the industrial and agricultural
sectors, respectively;

Residential area:

transportation, lot size
consumption and saving
residential location

Agricultural area:

agricultural production
capital, labor, land,

farmers:

consumption, saving . lot size

< L{z) >

CBD
Figure 1: The Spatial Configuration of the Isolated State.

L,(t) >
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Fi(t) — the output level of sector j, j=i,a, attime
t;

Kj(t) and Ni(z) — the capital stocks and labor force
employed by sector j, j=1i,a, attime ¢;

wj(t) — the wage rate of sector j, j=1i,a; and

p() and r(r)— the price of agricultural goods and the
rate of interest.

Industrial Sector

We assume that industrial production is carried out
by combination of capital and labor force in the form of

E(Kl.(t),Nl.(t)), where F is the output of the industrial

sector. Assume F; to take on the Cobb-Douglas form

F(1)= 4Kk ()NP (1), 4,.0,.8,>0, &, +B=1. (1)

It should be marked that as a referee points out, the
assumption of constant returns to scale is strict. For
explaining the existence of the CBD, it is usual to
assume scale economies in production in order to
generate an incentive to concentrate economic activity
in the presence of transportation costs. There are
different ways of introducing scale economies in the
literature. For instance, if we specify production

function as E=G(Fl.)Kf’fof, where G measures
effects of changeable scale effects. It can be seen that
if we specify G=F", 0<n<l, then we can still
analyze the behavior in almost the same procedure as
in the reminder of this paper. Indeed, the stability
properties of the model will be affected and

comparative statics results will be more complicated,
depending on the value of 7. For simplicity of analysis,

we are only concerned with constant returns to scale
with the Cobb-Douglas specification. Markets are
competitive; thus labor and capital earn their marginal
products, and firms earn zero profits. The rate of interest,

r(¢). and wage rates, w(¢), are determined by
markets. Hence, for any individual firm r(t) and wj(t)

are given at each point of time. The industrial sector
chooses the two variables, K,(r) and N, (1), to

maximize its profit. The marginal conditions are given by

0ea =208 -0, @

where 6, is the depreciation rate of physical capital
and

K |t

=447, 1)< 0

~—

Nt

S~

Agricultural Sector

We assume that agricultural production is carried
out by combination of capital, labor force and land as
follows
F,(t)= 4, K% ()N (1) 5, (1),
A4,,0,,B,,6>0, o, +B, +¢c=1

(3)

where LOa(t) is the land employed by the agricultural

sector and Aa,aa,ﬁa, and ¢ are parameters. The
marginal conditions are given by

A

w, (1) = Bp(0)£, (1) R,(1)

r(t)+5 —M,

1) = A (), ()=o) 2 elt)

As we neglect transport costs of agricultural goods
and farmers’ travels to work costs neither in terms of
money nor time, the land rent in any location of the
rural area is the same. Moreover in von Thinen’s
model, the agricultural land rent is a function of
distance to the center, given that crops are transported
to the center. We now describe behavior of households.
First, we introduce

o — the distance from the CBD to a point in the urban
residential area, 0 < < L (1);

R (@, ) —the land rent at location ;

l?,.(w,t), qi(a),t), ci(a),t) and sl.(a),t) — the wealth,
consumption level of agricultural goods, consumption
level of industrial goods, and the saving of the

representative household at location w;

I?a(t), qa(t), ca(t) and Sa(t) — the wealth,

consumption level of agricultural goods, consumption
level of industrial goods, and the saving of the
representative household in the rural area;
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n(a), t) and Ll.(a), t) — the residential density and the
lot size of the urban household at location o ;

La(t) — the lot size of the rural household;
K (¢) — the total capital stock of the economy.

Behavior of Urban Households

According to the definitions of L, and n, we have

n(w’t):L.(a),t)’ O_wSZi(t). (5)

Each worker may get income from land ownership,
wealth ownership and wages. In order to define
incomes, it is necessary to determine land ownership
structure. It can be seen that land properties may be
distributed in multiple ways under various institutions.
To simplify the model, we assume the land is equally
owned by the population. This implies that the revenue
from land is equally shared among the population.
Another two popular assumptions in the literature of
spatial economics are the absentee landownership and
the public ownership (see, Fujita, 1999, Fujita and
Thisse, 2002). In the former, land is owned by
absentee landlords who spend their land incomes
outside the economic system. In the latter, the city
government rents the land from the landowners at
certain rent and sublets it to households at the market
rent, using the net revenue to subsidize city residents

equally. The total land revenue, I_Q(t), from the sum of

the land rents from the urban area and rural area. That
is

Lr)
J. R(w.ndo+ R (1)L, (1), (6)
0

R(t) =

(1) _

in which _[ R(w,t)do and R ({)L (1) are
i (w.1) (0 (1)

respectively the total urban and rural land rents. The

income from land per household, 7(1), is given by

_(y_ k()
7 () v (7)

Consumers make decisions on choice of lot size,
consumption level of commodity as well as on how
much to save. This study uses the approach to
consumers’ behavior proposed by Zhang in the early
1990s. This approach makes it possible to solve many
national, international, urban, and interregional
economic problems, such as growth problems with

heterogeneous  households,  multi-sectors, and
preference changes, which are analytically intractable
by the traditional approaches in economics. Each
urban household at @ obtains income

yy(@.0)= r{i)F (@, 1)+ w (1) + (1), 00 <L (1), (8)

from the interest payment, rl?i, and the wage payment,

w., and the land rent income, 7. We call yi(w, t) the

current income of the representative urban household
in the sense that it comes from the household’s wage
and earnings from ownership of wealth. The sum of
income that consumers are using for consuming,
saving, or travels are not necessarily equal to the
current income because consumers can sell wealth to
pay, for instance, the current consumption if the current
income is not sufficient for buying food and touring the
country. Retired people may live not only on the
interest payment but also have to spend some of their
wealth. The total value of the wealth that a consumer at
location w can sell to purchase goods and to save is

equal to p,(t)k (o,1), with p,(¢)=1 at any ¢. Here,

we assume that selling and buying wealth can be
conducted instantaneously without any transaction
cost. The disposable income is then equal to

(o, 1) =y (@, 1)+ k(@,1). (9)

The disposable income is used for saving and
consumption. It should be noted that the value,

k(o.1), (ie.. p,(t)k (o)), in the above equation is

a flow variable. Under the assumption that selling
wealth can be conducted instantaneously without any

transaction cost, we may consider l?l as the amount of

the income that the consumer at @ obtains at time ¢
by selling all of his wealth. Hence, at time ¢ the
consumer has the total amount of income equaling 3,

to distribute between consuming and saving. It should
also be remarked that in the growth literature, for
instance, in the Solow model, the saving is out of the

current income; y,, while in this study the saving is out

of the disposable income which is dependent both on
the current income and wealth. The implications of this
approach are similar to those in the Keynesian
consumption function and models based on the
permanent income hypothesis, which are empirically
much more valid than the approaches in the Solow
model or the in Ramsey model. The approach to
household behavior in this study is discussed at length
by Zhang (2005, 2008). It should be remarked that
Zhang has also examined the relations between his
approach and the Solow growth theory, the Ramsey
growth theory, the permanent income hypothesis, and
the Keynesian consumption function, which are the
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main approaches to household behavior with wealth p(t)q.(w,t)+c.(a),t)+R.(w,t)L. (a),t)
accumulation in the modern economic growth theory in ! ' ' ! (10)

details. It can be shown that the behavior generated by
the traditional approaches can also be observed in
Zhang's approach by specifying certain patterns of
preference changes.

At each point of time, a consumer at location ®
distributes the total available budget among the leisure

time, Th(a)), lot size, ll.(a),t), saving, sl.(w,t),
g,(w,1).

consumption of industrial goods, ci(a),t). Here, we

consumption  of agricultural goods,

assume that the leisure is only dependent on the
residential location as the work time is fixed and equal
for each household, in disregard of residential location.
After the work time is decided, the households decide
the time distribution between leisure and travel to work.
This assumption can be relaxed by considering work

time, Tw(w), an endogenous variable. When the labor

time is endogenous, the leisure time is equal to the
total available time minus the travel time and labor
time. In this case, the total labor input is given by

J.Tw(a))n(w)dw.

If we assume that the wage rate per unit time is
equal for all the workers, then the equilibrium problem
is solvable. Nevertheless, if we assume that the wage
rate is distance-dependent (this is possible in Japan as
companies may pay travel costs according to
residential location), analysis may become more
complicated. As we assume that the travel time from the
CBD to the residential location is only related to the
distance and neglect any other effects such on
technological change, infrastructure improvement, and
congestion on the travel time form the CBD to the
residential area, the leisure time, which is equal to the
fixed total time minus the travel time, is only related to

location. Let 7, and F(a)) respectively stand for the total

available time for travel and leisure and the time spent on
traveling between the residence and CBD. We have

T, (a)) =T, - F(a))

We assume that pecuniary travel cost, T (o), is

dependent only on the distance. In reality, transport
mode is an endogenous variable, which implies that
like housing, transportation service should enter the
utility function. Transportation cost is actually related to
income (see, for instance, Train and McFadden, 1978,
Rietveld et al., 2003, De Palma, Kilani, and Lindsey,
2005). The pecuniary travel cost increases in @. The

budget constraint is given by

+ si(w, t) + l“c(co) = yi(a), t).

Equation (10) means that the consumption and
saving exhaust the consumers’ disposable personal
income.

As argued by Glaeser, Kolko, and Saiz (2001),
consumption amenities have increasingly played more
important role in urban formation. In this study, we
incorporate amenity into the consumer location
decision by assuming that amenity is a function of
residential density. This study does not take account of
externalities for producers. For instance, firms often
prefer to locate to other firms. In the literature of urban
economics, various externalities have been analyzed
(Henderson, 1974; Upton, 1981; Zhang, 1993, 1994;
Abdel-Rahman, 2004). Distance from the CBD reflects
two elements: the inconvenience of the distance and
the value of the amenity of the surrounding area. Many
kinds of externalities may actually exist at any location.
Some may be historically given, such as historical
buildings and climate; others such as noise and
cleanness, may be endogenously determined by the
location of residents. Households may prefer a low-
density residential area to a high one, as there tend to
have more green, less noise, more cleanness and
more safety in a low-density area. Nevertheless, there
are other factors, such as social interactions, which
may make high-density area attractive. This study
considers that residential densities may have positive
or negative agglomeration effects. We specify the

amenity, ei(a),t), at o as follows

0,(w.1)=06n"(w,1). 8, >0. (11)

The function Ol.(w, t) implies that the amenity level

at location w is related to the residential density at the
location. This specified form is a limited case.
Locational amenities or disamenities are not only
affected by the residential density at the location. For
instance, possible social contacts of any individual are
spread over the whole space. Air pollution is not limited
to locals. It should be noted that if a =0, amenity is

identical over time and space.

Location choice is closely related to the existence
and quality of such physical environmental attributes as
open space and noise pollution as well as social
environmental quality. We assume that utility level,

Ui(w, t), of the household at location @ is dependent
on Oi(a),t), Tl(w) ql.(a),t), ci(w,t), Ll.(a),t), and

si(w, t) as follows
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O T T L
(w’t)si% (a),t), O, ty> o5 My Ay >0,

in which o, u,,&§.n,, and 4, are the urban

household’s elasticity of utility with regard to leisure
time, agricultural goods, industrial goods, housing, and

saving at w. We call o, u,,&.n. and 1,

propensities to use leisure time, to consume
agricultural goods, to consume industrial goods, to
consume housing, and to hold wealth, respectively. It
should be noted that our approach to household
behavior is different from the discounted utility which
has been the main framework of choice for
intertemporal decisions in the literature of theoretical
economics (Zhang, 2005). It is worthwhile to cite from
Samuelson’s following cautions about this traditional
approach (Samuelson, 1937: 159): “It is completely
arbitrary to assume that the individual behaves so as to
maximize an integral of the form envisaged in [the
discounted utility model].” The Ramsey framework has
not been proved to be effective when we take account
of variations in households’ preferences. As empirical
studies have convinced existence of great differences
in impatience among households and the Ramsey
approach proves futile for dealing with the issues, it is
necessary to search alternative ways to explain the
reality. In fact, as shown in a survey on studies of
estimating individuals’ discount rates by Frederick,
Loewenstein, and O’Donoghue (2002) rates differ
dramatically across studies, and within studies across
individuals. It is estimated, for instance, by Warner and
Pleeter (2001) that individual discount rates vary
between 0 and 70 percent per year. The studies, for
instance, by Rader (1981), also hold that there is no
reason to believe that different consumers have
identical time preferences for utility streams. It should
be remarked that Becker (1992) first observed that if
individuals have heterogeneous constant rates of
impatience, the representative agent will not in general
use a constant rate to discount the future. As observed
by Frederick, Loewenstein, and O’Donoghue (2002:
393-384): “The [discounted utility] model, which
continues to be widely used by economists, has little
empirical support. Even its developers — Samuelson,
who originally proposed the model, and Koopmans,
who provided the first axiomatic derivation — had
concerns about its descriptive realism, and it was never
empirically validated as the appropriate model for
intertemporal choice. [Dleveloping descriptively
adequate models of interremporal choice will not be
easy.” This paper uses an alternative utility function.
Maximizing U, (®,1)
constraint (10) yields

subject to the budget

af0.0) =100, (0.0 =5 (0.1),
t0.)= SO, (0.0 5 (0.1,

in which 3; (»,7) =3, (w,1) - I'.(w) and

U= ply, §=p&y.n=pny, A=pl,
1

p= .
Ho + & + 1 + Ao

According to the definition of s;(w.r), the wealth
accumulation for the household at location @ is given
by

k(0.1)=s;(0.1) = K (0.1), 0w <L. (14)
Behavior of Rural Households

Similar to behavior of urban households, we now
describe behavior of rural households. A rural

household’s current income, y,(¢), and disposable
income, J,(t),are given as

Ya(t) =r(0)ky (1) + w, (8) +7(1).

AOESAGEIAGE (15)
The budget constraint is given by

p(1)q, () + ¢, (@, 1) + Ry (@)L, (£) + 5, (t) = 5, (¢).  (16)

Utility level, U,(tr), of the rural household is
dependent on consumption of agricultural goods,
q,(t), consumption of industrial goods, ¢, (), lot size,

L,(t), and saving, s,(t), as follows

Uy (1) = 04l (1) ez (1)L (1) 520 (1) g &o 19 Ag > 0.(17)

We call 6, the amenity level of the agricultural area.

In fact, the agricultural sector may bring about either
amenity or disamenity. For instance, animal agriculture
tends to be associated with disamenity. Ready and
Abdalla (2005: 314) observe, “positive externalities
such as open space, wildlife habitat, and groundwater
recharge are one motivation behind attempts to sprawl
farmland and discharge urban sprawl through
mechanisms such as preferential tax assessment,
purchase of development rights, restrict zoning, and

‘smart growth’ planning approaches.” Maximizing U, ()
subject to the budget constraint (16) yields
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uy,(w,t . N;(t)+ N,(t)=N. (22)
q(z()_ p((t) )’ Ca(t)zg)@(t)’

5, (1) (18) The total consumption of the industrial goods, C(t),

La( ) Ra(t) ) ( ) ﬂ’ya( ). is the sum of the consumption of the urban and rural

Due to the simplifying assumption of the utility
function, the consumption levels are proportional to the
disposable income. As the disposable income is related
to wealth and current income, our conclusion is similar
to the Keynesian consumption function (which is
“‘empirical-friendly”) rather than to the presumed
constant savings rate in the Solow model (Zhang,
2005, 2008)

According to the definition of s,(z), the wealth
accumulation for the rural household is given by

ka(t)zsa(t)_];u(t)' (19)
Equilibrium Conditions for Population Mobility

For simplicity, we restrict the analysis to the case
that all households obtain the same level of utility at
any point of time. This also comes out of our
assumption that the population is homogeneous and
people can change their residential location freely
without any transaction costs and time delay. The
conditions that households get the same level of utility
at any location at each point of time is represented by

Ui(o,,1)=U;(w,.1)=U,(t), 0w, w, <L(t). (20)

It should be noted that we neglect possible costs for
migration. In reality, to change housing location costs.
Although the condition of utility equalization is often
used in the literature of urban economics, the
assumption of utility equalization is rarely used in the
literature of economic dynamics as the temporary
equilibrium condition of population distribution. In this
study, we treat L, as an endogenous variable. We

assume that conversion of land use between the rural
and urban areas is costless and is made without any
delay in time. The conversion may be affected by many
factors. See, for instance, Carrion-Flores and Irwin
(2004), for the contemporary literature of determinants
of land conversion.

The labor force employed by the industrial sector is
equal to the urban population. That is

L()
[ n(@.1)do = N,(1). 1)
0

As the state is isolated, the total population is
distributed over the whole space. The population
constraint is given by

population
L)
[ n(@.1)c(@,1)do + ¢, ()N, (1) = C(1). (23)
0

The output level of the industrial sector is equal to
the national consumption of industrial goods and
national net saving. That is

C(t)+S(t)- K(1)+6,K(t)=

where S(t) is the total saving of the economy

F(1), (24)

Li(1)
S(t) = _[
0

si(w,t)n(w,t)do + 5,(t)N,(1). (25)

The output level of the agricultural sector is equal to
the national consumption of agricultural product. That is

L)
[ a(@.0)n(@.0)do + q,()N, (1) = £, (1). (26)
0
The assumption that capital is fully employed is
given by
Ki(1)+ K, (1)=K(2). (27)
The total capital stocks employed by the production

sectors is equal to the total wealth owned by all the
households. That is

Ki(1)+ k,(1)N, (1) = K (@, 1), (28)

where K;(t) is the total wealth owned by the urban
population, that is

Ly1)
j n(o,t)do.
0

The land is fully used

L(t)+L,(1)=L, (29)
in which
Za(t):LOa(t)+Lu(t)Na(t)‘ (30)

The land rend for the urban and rural use are equal
at the boundary between the urban and rural areas
(see, Brueckner and Fansler, 1983). That is
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R(L;,1)=R,(1). (31)

We have thus built the dynamic growth model with
endogenous spatial distribution of wealth, consumption
and population, wealth accumulation and residential
location. Although the system consists of many
equations, the economic mechanisms are few — firms
maximize their profits, households maximize their
utilities, all the markets are perfect competitive, and all
the factors are fully employed.

3. DETERMINATION OF SPATIAL EQUILIBRIUM

As dynamic analysis is too complicated, we are
concerned with equilibrium. It should be noted that the
model is developed as a dynamic one, although the
analysis will be focused only on the static state. The
static analysis is mainly because it is complicated to
analyze behavior of the model. It is meaningful to
introduce dynamics because, for instance, the impact
of the propensity to save can be properly explained
only in a dynamic model. First, we demonstrate a
procedure for determining equilibrium values of all the
variables.

Lemma 1

The equilibrium values of all the variables can be
determined by the following procedure: k; by (A20)—
r and w, by equations (2) — f =Ak" — K by
equation (A31) — L, by (A25) — k;(w) and k, by
equations (A23) — s; =k; — w, by equation (A22) —
r by equation (A17) — k, by equations (A14) — N;
and N, by equations (A13) - K;=k;N;, j=i,a —
K;=k,N; — n(0) by equation (A30) — n(w) by
equation (A26) — L;(w)=1/n(®w) — R, by equation
(A24) — R.(w)=nk(w)n(w)/A — L, by equation
(A3) - L,=L-L — L, by equation (30) —
F.= N, — F, by (3) — p by equation (A9) — ¢;(o).
¢;(w) and 3;(w) by equations (A2) —g,, ¢, and 3,
by equations (A3) — C and S by equations (A18).

This lemma shows how we can determine the
equilibrium values of all the variables. We don’t interpret
conditions for existence of equilibrium because they
are too complicated. We will discuss conditions later on
with zero travel cost in the urban area. The system
determines the national output, the output levels of the
two sectors, the division of labor, the population
distribution, consumption structures of the urban and
rural households, land rents, the rate of interest, the
wage rates of the urban workers and farmers, the price of
agricultural goods, and the income from the land
ownership. Before simulating the model with specified

parameter values, we discuss some relations among the
variables with presumed existence of equilibrium.

For convenience of interpretation, we neglect the
pecuniary travel cost in the reminder of this study, that
is, I'.=0. The omission will greatly simplify our
interpretations as it makes it possible to explicitly
determine the boundary between the urban and rural
areas. The distance effects on the urban residential
location and urban spatial pattern are reflected by
travel time (which is a function of transportation
conditions) and time value. It can be seen that we may
assume a distance-independent cost function and still
explicitly solve the problem as shown below. As far as
economic geography is concerned, the omission of
transportation costs may not affect the main results of
this model, except that the gradients of the residential
density curve and land rent may be steeper when
transportation costs are taken into account. From

equations (A23) and 3;(w) = k;(w)/ A, we have

ki(wl)zlzi(wz)v )A)i(wl):&i(wz)’ 0<o,0,<L. (32

The per-capita wealth, & (w), and disposable

income, 3;(w), are homogenous over the urban area.

All urban residents receive the same income and own
the same amount of wealth at each point of time. This
property results from the assumption that we neglect
transportation costs. As shown in the Appendix, if
transportation costs are not omitted, the property may
not hold.

We specify the travel time function as follows:
I'(w)=vw, in which 1/v is the travel speed. In this
study, we assume the travel speed is constant. We
neglect possible factors, such as change in
transportation technology or congestion, which may
affect the travel speed. We have

T,(0)=T, -vw, 0<Sw<L,. (33)

By equations (A25) and (33), we solve the boundary
between the urban and rural areas as a unique function
of the national capital stock as follows

1p /o

wy + 7]
o Nk; — (al - kiﬁ")K

oK'P (34)

(wi + ﬁK)l/p

where w, = A,B,0;k; / ot,. By equation (A30), we obtain
the residential density nearest to the CBD as a function
of K as follows
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~Up 4=1o 1/(a-nyq)
2(0) = (&J(W—A"] , (35)

n 7‘06 ];1//3—770
1
in which

_co, K, ok +mK, /A
A (K)= = .

By equations (A31), (34) and (35), we find the
equation for determining K

Q(K)E[l—kLﬁi]£+

o )k

n(O)[(TO —vI(K))"™ - To“‘””o]

(1+ 0 /ny)o1y™

=0.

Although we obtain the equation for determining the
national capital, as the expression is tedious it is not
easy to interpret its properties. We will solve the
equation by simulation.

Before simulating the model, we examine properties
of the residential density over space. From equations
(A26), the residential distribution is given by

n() = n(o)[wjm_a). (37)

7,(0)

As T,(@))/T,(w,)>1 if o, <w,, we see that if
Ny —a>0, then n(w,)>n(w,). The residential density

is higher nearer the CBD. As traveling costs more as
the residence is further away from the CBD, it is
reasonable to observe the declination of the residential
density as the distance from the CBD increases. Yet, if
1, —a <0, the residential density distribution is inverse
to the case of 1, —a >0 in the sense that the further
the residential location is away from the CBD, the
higher the density is. To see why this happens, the
term becomes negative only when 0<n,<a. A
positive a means that as the residential density rises,
the local attractiveness as residential area is increased.
The condition, 0<n, <a,implies that the individual
welfare is positively strongly affected by, for instance,
social interactions among local people and the
propensity to use land is low. As people highly evaluate
interacting with each other among locals, the urban
residential density becomes higher further away from
the CBD. In this study, we limit our examination to the
case of a=0, which implies 1, —a>0. We also have

6, =0,. This assumption is made only for getting an

explicit solution of the boundary as a function of the
national capital stocks. As we have already shown how

to solve the equilibrium in Appendix, as far as
simulation is concerned, it is not difficult to study the
behavior of the system when the parameter is not zero.
Moreover, as the rest of the paper is concerned with
the equilibrium and how equilibrium is affected by
parameter changes, the requirement of a=0will not

affect our main conclusions.
By equation (A6), we have

7,(0)

The land rent declines as the residential area is
further away from the CBD. By equations (13) and (32),
we have

qi(wl)=Qi(w2)’ i\ )=

The consumption levels of agricultural and industrial
goods by the urban households are invariant in location.
This property holds only in steady state, depending on
some special assumptions like the omission of
pecuniary travel costs and effects of the residential
density on amenity. It not is held even for the general
model developed in this paper. Consumption of lot size
increases as the residential area is further from the CBD.
It should be noted that the total expenditure on housing

by per household, R,(w)L;(®), is invariant in space.
Thatis

R(0)L;(0)) = Ri(0,)L;(,).

As the housing rent declines in location, we see that
the housing consumption per household increases as
the dwelling site is further away from the CBD.

We now determine equilibrium values of the
variables by simulation. We specify parameter values
as follows

A =12, A,=11, N=10, L=20, a; =03,
0,=02, B, =02, =005, & =008,

Ny =007, 4,=0.7, 6 =05, 6, =3.1,

(38)
6,=3, Ty=1, v=0.1, 5, =0.04.

The population is fixed at 10 units and the urban
size at 20 units. The total productivities of the industrial
and agricultural sectors are respectively equal to 1.2
and 1.1. We specify the parameters, «;, a, and f,
respectively with 0.3, 0.2 and 0.2. The propensities to

consume agricultural goods, industrial goods and lot
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size are respectively specified at 0.05, 0.08 and 0.07.

This implies that if the household decides to spend
10,000 dollars on the current consumption, the

household spends respectively 2,500, 4,000 and
3,500 dollars on the agricultural goods, industrial
goods and housing. The propensity to save is 0.7. The
propensity to use leisure is specified at 0.5. The

specification of 6, =3.1 and 6, =3 means that people

prefer living in city than in countryside. The
depreciation rate is specified at 0.04. It should be

remarked that although the specified values are not
based on empirical observations, the choice does not
seem to be unrealistic. For instance, some empirical
studies on the US economy demonstrate that the value
of the parameter, «, in the Cobb-Douglas production is
approximately equal to 0.3 (for instance, Abel and
Bernanke, 1998). With regard to the technological
parameters, what are important in our study are their
relative values. This is similarly true for the specified
differences in land and amenity parameters.

We follow the procedure described in proving
Lemma 1 to identify equilibrium solutions. Here, we use
equations (32)-(37) for the corresponding variables.
First, by equation (37), we solve K as in Figure 2. The
equation has multiple solutions. We show only two of
them. It can be shown that the equation has a unique
meaningful solution of

K =134.350.

Although as shown in Figure 1b, K =303.056
satisfies the equation, the solution is meaningless as at
this point the labor force employed by the agricultural
sector is negative and L; > L.

Following the procedure described in proving
Lemma 1, we calculate the equilibrium values of the
location-independent variables, with K =134.350, as

follows:

10 J—
Q(K)=0
5
35 140 145 150 155 1e0 1e5
-5
=10

(a) the unique meaningful solution

Figure 2: Possible Solutions of Equation (36).

K =13435, r=0021, p=0876, w, =1.803,
w, = 0983, R, =0494, K, =102.663,

K,=31686, N,=8047, N,=1953, L,, =11.728,
F,=20.728, F, =10957, f, =2.576,

f,=5611, k,=12.757, k, =16.227,
1,=5970, 5, =18.050, k, =14.039, ¢, =1.145,

¢; =1.605, §,=14.073, k, =10.956,
q,=0893, ¢, =1251, L,=2216, K, =112.976,

K,=21373, 7=1919, L, =4017, L, =15984. (39)

As the lot size, land rent and residential density are
dependent on the distance from the CBD, we represent
them in plot. Figure 3 illustrates how these variables

vary in distance, 0 <w < L.

We see that the urban wage rate is much higher
than the rural wage rate. It should be noted that this
difference in wage rates between the two professions is
neither due to difference in human capital as in the new
economic geography nor due to possibility of
unemployment in city as in the Todaro-Harris model.
The wage difference between the two areas for the
same worker results from amenity differences between
the urban and rural areas and transport conditions.
Another factor for explaining the difference is that the
difference offsets commuting costs. We see that with
the specified parameter values, the economy is highly
urbanized. The share of the urban population is 80.5
percent and the share of the rural population is 19.5
percent. Most of the population lives in the city. The
value of the rural output pF,, is less than half of the

value of the industrial sector, F,. The share of the

urban land in the total land is 20 percent and the rural
land is 80 percent. Among the rural land use of 15.98
units, 11.73 units is devoted to the agricultural
production. The urban household consumes more the
agricultural and industrial goods than the rural

Q(K) =

BSDK

310 320 330 340

(b) a meaningless solution
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Figure 3: Lot Size, Land Rent and Residential Density in the City.

household, but the urban household pays higher rent
and live in smaller space than the rural household.
Moreover, the urban residents spend time on travel. It
should be remarked that the differences in the living
conditions between the rural and urban residents
results from the assumption that the population is
homogenous. This implies that if the urban lifestyle has
some comparative advances, then the rural lifestyle
should also have some advances because the utility
level from the two lifestyles is equal. A more realistic
approach is to take account of differences in the
population. One well-accepted approach in spatial
economics is to classify the population into skilled and
unskilled. Under certain conditions, all skilled workers
are employed in the city and the unskilled both by the
city and the countryside. As far as urban economic
geography is concerned, the prediction of the model is
the same as the standard Alonso model. Nevertheless,
our model shows how the urban economic geography
is connected with the rest of the national economy. The
advantage of our approach over the traditional models,
like the Solow model and the Alonso model, becomes
evident in the following comparative statics analysis.

4. COMPARATIVE STATIC ANALYSIS

This section studies effects of changes in some
parameters on the economic structure and geography.
As the system has a unique equilibrium, we can make
comparative static analysis.

41. An Improvement in the Total Factor

Productivity of the Industrial Sector

First, we examine the case that all the parameters,
except the productivity of the industrial sector, 4;, are
the same as in (38). We increase the productivity level,
A from 12 to 13. The simulation results are

i,

summarized in (40)

AK =12.11, Ar=0, Ap=9.58, Aw, =12.11,
Aw, =11.11, AR, =12.11, AK; =12.11,

AK,=12.11, AN;=0, AN, =0, AL,, =0,
AF, =12.11, AF, =231, Af. =12.11,

Af, =231, Ak, =12.11, Ak, =12.11,
Al, =0, Ay, =12.11, Ak, =12.11, Ag, =231,

Ac; = 12.11, Ay, =12.11, Ak, =12.11,
Aq, =231, Ac,=12.11, AL, =0, AK,=12.11,

AK, =12.11, AF =12.11, AL, =0, AL, =0. (40)

Here, a variable ij stand for the change rate of

the equilibrium value of the variable x; in percentage

due to the change in the parameter value from A,
(=12 inthis case)to A; (=1.3). Thatis

Zx‘Exj(Ail)—xj(AiO)

’ Xj (A)

where x;(4,) stands for the equilibrium value of the

variable x; with the parameter value A; and x;(4,)
stands for the value of the variable x; with the
parameter value A,,. We will use the symbol A with
the same meaning when we analyze other parameters.

The effects on the distance-dependent variables are
given as follows

%100,

An(w)=0, AR (®)=12.11, 0w <L;. (41)

It should be noted that the value of L; is the lower
value of the boundaries before and after the change,
that is, L; =min{L(Ay), L;(A;)}. We will use I; to
refer to the lower value of the boundaries in the

remaining study when discussing the urban residential
density and land rent.

As the productivity of the industrial sector is
increased, the total capital stock, K, the output level of
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the industrial sector, F;, and the output level of the
agricultural sector, F,, are increased. The capital

a’
stocks employed by the two sectors, K, and K;, are

increased. The labor distribution between the two
sectors, N; and N,, and the rate of interest, r, are

not affected by the change of the productivity. The
urban boundary, L, is not affected. The land use

distribution, L, and L,,, is not affected by the

productivity change. We see that the increase in the
industrial sector’s output level is due to the increase in
the productivity and the increase in the capital stocks
employed by the sector, and the increase in the
agricultural sector’s output level is due to the increase
in the increase in the capital stocks employed by the
sector. The price of the agricultural goods p, is

increased as the productivity of the industrial sector is
improved. The wage rates in the two sectors, w, and

w;, are increased. The lot sizes of the worker and
farmer, L,(w) and L,, are not affected. The land rents

in the urban and rural areas, R;(w) and R,, are

increased. The consumption levels of the agricultural
and industrial goods both by the urban and rural

residents, ¢,(®),c;(w), q, and c,, are increased. As

the production technology of the city is improved, the
urban output will be improved and the wage will be
increased initially when the system achieves the new
equilibrium. As the urban wage rate rises, some
farmers will move to the city with all the other
conditions being the same. As the amenities are fixed,
more urban workers will lead to a rise in urban rent
or/and a reduction of the rural area. As the urban area
becomes less attractive as a residential area, the rural
area becomes more attractive. On the other hand, as
capital is increased, the rural sector employs more
capital and the rural wage rate and agricultural price
are increased. Under the specified technological
change, the population distribution and urban boundary
are actually not affected. Although the land rents and
the price of the agricultural good are increased at the
new equilibrium point, the real variables are either
improved or not affected by the technological change. It
should be noted that as the system involves many
variables and different economic forces, it is quite
tedious to verbally explain how changes in a parameter
affects the entire system.

4.2. A Rise in Amenity Level

We now examine effects of changes in the amenity
levels. First, we note that the urban and rural
amenities, 6, and 6,, affect the equilibrium only
through equation (37). Moreover, it is not their values
but the value of their ratio, 6,/6,, that affects the

system. It is sufficient for us to examine one of the two

parameters. We specify the amenity change as follows:
0,:31=32. The effects upon the distance-

independent variables are summarized as follows

AK =1404, Ar=0, Ap=1194,
Aw; =12.11, Aw, =22.73, AR, =12.71, AK;=14.04,

AK,=1404, AN, =172, AN, =-17.08,
ALy, =1.18, AF;=14.04, AF, =188,

Af, =12.11, Af, =9.64, Ak; =12.11,
Ak, =2273, Al, =889, Ay, =13.11, Ak; =13.11,

Ag; =104, Ac, =13.11, Ay, =16.99,
Ak, =1699, Aq, = 451, Ac,=16.99, AL, =379,

AK; =1505, AK,=8.70, AF =14.04,

__ _ (42)
AL, =042, AL, =—-0.11.

The effects on the distance-dependent variables are
given as follows

An(w)=1.68, AL;(w)=-1.66,

_ . (43)
AR, (w)=1501, 0<w<L,.

As the urban amenity level is improved (or as the
rural amenity level is reduced), the total capital stock,
K, the output level of the industrial sector, F;, and the
output level of the agricultural sector, F,, the capital
stocks employed by the two sectors, K, and K;, are

increased. The increase in the urban amenity attracts
more people from the rural area to the urban area. That
is, the urban population, N;, is increased and the rural
population, N,, is reduced. The boundary, L,, moves
further away from the CBD. The urban land, L, is

increased and the rural land, L,, is reduced. The land
for agricultural production, L,,, is reduced. The lot size

a’

in the city, L;,(w), is reduced and the lot size in the
countryside, L,, is increased. The rate of interest, r,
is not affected. The price of agricultural goods, p, is
increased. The wage rates of the two sectors, w;, and

w,, and the land rent in the city and countryside, R,

s
and R;(w), are increased. The urban residential
density, n(w), and the rent income from the land, 7,
are increased. The capital intensities of the two
sectors, k; and k,, and per worker output levels of the
two sectors, f and f,, are increased. The

consumption levels of the agricultural and industrial
goods both by the wurban and rural residents,
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g;(®),c;(w), g, and c¢,, are increased. The per
capita wealth levels of the urban and rural areas, k;

and k,, are increased. Our simulation results show

that under the given technological conditions and
preference, an improvement in the rural living
conditions amenity will reduce economic growth. That
is, if the economic production is not characterized of
constant returns to scale, the national economy may
worse off if the government improves, for instance, the
rural infrastructures. It should be noted that we have
this counterintuitive conclusion as we assume that the
infrastructure improvement has no effect on the
productivity of the rural economy (only on the utility of
rural workers).

A rise in the urban amenity increases the city’s
attractiveness for residential dwelling. For the given
wage rate and other conditions, some farmers will like
to migrate to the city. As the city has more labor force,
its total output tends to rise. If the capital is not
changed, the wurban wage rate tends to fall.
Nevertheless, as the total industrial output rises, the
economy saves more and the total capital stock is
increased. As farmers migrate to the city where the
technology is more advanced than the agricultural
sector, the shift of some labor force from the urban
area to the rural area also increases the national output
level (with the agricultural price being constant). As the
relative output of the agricultural product tends to fall
and the total income tends to rise, the price of the
agricultural product tends to rise. As more people live
in the city, the urban land rent tends to rise. Although
less people live in the rural area, the rural land rent still
rises (because the other two opposite forces work in
the system: the price of the agricultural product is
increased and the amount of land available for the rural
use is reduced). As each sector’s output and capital
stock are increased, the wage rates of the two sectors
are increased. As some farmers move from the rural
area to the city, the rural area’s wage rate is increased
more than in the city in terms of percentage.

4.3. A Shortening in the Travel Time to the CBD

Another important factor for economic growth is
transportation  conditions. In our model, the
transportation system is exogenous. The main
parameter is the travel speed, 1/v. We now consider

effects of an increase in the travel speed to the CBD
upon the system. We specify the change as follows:
v: 0.1=0.09. The urban households spend less time

on travel from a given location. We summarize the
effects on the distance-independent variables as

AK =048, Ar=0, Ap=1.86, Aw, =0,
Aw, =253, AR, =227, AK, =048,

AK, =048, AN; =048, AN, =-199,
ALy, =-1.5, AF, =048, AF,=-135,

Af,=0, Af,=0.65, Ak;=0, Ak, =253,
Al, =025, A3, =025, Ak =025,

=, Ae,=., AL,=, 3K, =,
(44)

The urban boundary moves further from 4.02 to
4.36. As the change ratios of the distance-dependent

variables are dependent on location, we present the
results in Figure 4, in which we have: 0 <@ < Zf.

From Figure 4, we see that an improvement in the
transportation conditions increases the urban lot size
near the CBD and reduces the lot size far away from
the CBD. This also means that the urban residential
density is reduced near the CBD and is increased far
away from the CBD. The urban spatial configuration
becomes platter as travel speed is increased. It should
be remarked that this study neglects other important
relations between economic growth and transportation
conditions. For instance, it is important to take account
of infrastructure costs. If work time is endogenous,
effects on the spatial configuration and national
economic growth should be different from the current
model. The urban land rent is reduced near the CBD
but increased far away from the CBD.

From (44), we see that as the transportation
conditions are improved, the total capital stock, K, the
output level of and the labor force and capital stocks
employed by the industrial sector, F;, and K;, are
increased. The output level of, and the labor force, land
and capital stocks employed by the agricultural sector,
F,, N,, K,, and L,,, are reduced. The rate of
interest and the urban wage rate, r and w;, are not
affected. The price of agricultural goods and the rural
wage rate, p and w,, are increased. The land rent in
the countryside, R,, is increased. The total rent
income from the land, is increased. The lot size in the
countryside L,, is reduced. The capital intensity and
per worker output level of the industrial sector, k; and
fi, are not affected. The capital intensity, land
intensity, and per worker output level of the agricultural
sector, k,, [,and f,, are increased. The per capita

a
wealth levels of the urban and rural workers, k; and
k,, are increased. The consumption levels of the
agricultural goods both by the urban and rural

a? a?
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Figure 4: The Effects of an Improvement in Transportation Conditions.

residents, ¢; and ¢g,, are reduced. This occurs as the

price of agricultural goods is increased and the land
use by the agricultural sector is reduced. The
consumption levels of the industrial goods both by the
urban and rural residents, ¢, and c,, are augmented.

4.4. A Rise in the Propensity to Save

Preference changes, such as the propensity to save
and the propensity to consume housing, are well
observed but seldom introduced into economic growth
theory. We now examine effects of changes in the
preference on the economic structure. We now
increase the propensity to save as follows:
Ay :0.7=0.75. The simulation results are summarized

as follows:

AK =904, Ar=-15.74, Ap=0.60,
Aw; =238, Aw, =729, AR, =048, AK, =951,

AK, =752, AN; =125, AN, =-5.14,
ALy, =121, AF; =366, AF, =117, Af; =238,

Af,=6.65, Ak, =8.17, Ak, =1335,
Al, =6.67, Ay, =693, Ak, =854, Ag; =0.70,

Ac; =131, Ay, =858, Ak, =1021, Ag, =225,
Ac, =287, AL, =237, AK;=9.89,

AK, =455, Ar=1.77, AL;=-0.62, AL, =0.16. (45)

An(w) =386, AL (w)=-245,
AR (w)=-372, 0<w<L;.

1

(46)

As the propensity to save is increased, the total
capital stock, K, the output level of the industrial
sector, F;, and the output level of the agricultural
sector, F,, the capital stocks employed by the two
sectors, K, and K;, are increased. It should be

remarked that this result is explained by the Solow

model as well. Nevertheless, the Solow growth model
does not provide further information about other
aspects of the economic system. The increase in the
propensity to save attracts more people from the rural

area to the urban area. The boundary, L,, moves
nearer to from the CBD. This means that the urban
land use is reduced. The rural land, L,, is reduced.

The land for agricultural production, L,,, is increased.
The lot size in the city, L;(®), is reduced and the lot
size in the countryside, L,, is increased. The rate of
interest, r, is reduced. The price of agricultural goods,
p, is increased. The wage rates of the two sectors, w,
and w,, are increased. The land rent in the city,
R:(w), is reduced and countryside, R,, is increased.
The urban residential density, n(w), and the rent

income from the land, 7, are increased. The capital
intensities of the two sectors, k;, and k,, and per
worker output levels of the two sectors, f; and f,, are
increased. The consumption levels of the agricultural
and industrial goods both by the urban and rural
residents, ¢;(®),c;(®), g, and c,, are increased. The
per capita wealth levels of the urban and rural areas,
k; and k,, are increased.

Possible effects of saving behavior on the economic
geography are not well addressed in the literature of
theoretical economics. The main reason is that
traditional analytical frameworks cannot effectively
analyze economic geography with capital
accumulation. As our model treats wealth accumulation
as endogenous, a shift in the propensity to save should
affect the amount of capital and output level of the
national economy. As the propensity to save is
increased, wealth is increased and rate of interest is
reduced. As capital is increased and total output is
increased, the wage rates of the two sectors are
increased. As labor migrates from the rural to the urban
area, the wage rate of the rural area rises more than
the urban area in terms of percentage. In association
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with rising of the urban population, the urban residential
density is increased and the urban area is extended.

4.5. A Rise in the Propensity to Consume Housing

We now increase the propensity to consume the lot
size as follows: 1,:0.07 = 0.075. The effects on the

distance-independent variables are summarized as
follows:

AK =-123, Ar=0, Ap=050, Aw, =0,
Aw,=-601, AR, =294, AK,=-123,

AK,=-123, AN;=-123, AN, =508,
ALy, =-406, AF,=—-123, AF,=-1.73,

Af;=0, Af,=-648, Ak;=0, Ak, =-601,
Al,=-8.69, Ay, =-021, Ak, =-0.76,

Zqi =-1.26, Zci =-0.76, Z)A;a =—-1.68,

Ak, =-222, Aq,=-2.71, Ac,=-222,

AL, =177, AK;=-199, AK, =275,

_ _ a (47)
Ar =371, AL, =429, AL, =—108.

The effects on the distance-dependent variables for
0<w < L; are plotted in Figure 5.

From Figure 5, we see that an improvement in
propensity to consume lot size increases the urban lot
size near the CBD and reduces the lot size far away
from the CBD. This also means that the urban
residential density is reduced near the CBD and is
increased far away from the CBD. The urban spatial
configuration becomes platter as travel speed is
increased. The urban land rent is reduced near the
CBD but increased far away from the CBD.

From (47), the total capital stock, K, the output

level of and the labor force and capital stocks
employed by the industrial sector, F;, and K;, are

l

reduced. The output level of, and the land and capital

stocks employed by the agricultural sector, F,, K,,
and L,,, are reduced, and the labor force, N,, is

increased. The rate of interest and the urban wage
rate, r and w;, are not affected. The price of

agricultural goods, p, is increased and the rural wage
rate, w,, reduced increased. The land rent in the
countryside, R,, is increased. The total rent income

from the land is not affected. The lot size in the
countryside, L,, is increased. The capital intensity and

per worker output level of the industrial sector, k; and
fi, are not affected. The capital intensity, land
intensity, and per worker output level of the agricultural
sector, k,, l,and f,, are reduced. The per capita
wealth levels of the urban and rural areas, k; and k,,

are reduced. The consumption levels of the agricultural
goods both by the urban and rural residents, ¢; and

q,, are increased. The consumption levels of the

industrial goods both by the urban and rural residents,
¢, and c,, are reduced. It should be made clear that

the propensity to consume housing refers to urban land
only. This explains partly why agricultural good
consumption increases, while industrial good
consumption decreases.

4.6. A Rise in the Propensity to Use Leisure Time

We now increase the propensity to use leisure time
as follows: 0:0.5 = 0.55. The effects on the distance-

independent variables are summarized as follows:

AK=-007, Ar=0, Ap=—-1.09, Aw, =0,
Aw, =-035, AR, =-1.70, AK,=-0.07,

AK,=-007, AN;=-0.07, AN, =0.28,
ALy, =166, AF,=-007, AF, =103, Af.=0,

Af,=0.75, Ak;=0, Ak, =-035,
Al, =137, Ay; =-0.04, Ak;=-0.04, Ag; =107,

Figure 5: The Effects of a Rise in the Propensity to Consume Housing.
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Ac; =-004, Ay, =-0.16, Ak, =—-0.16,
Agq, =094, Ac,=-0.16, AL, =156,

AK;=-0.10, AK,=0.12, AF =-0.07,

_ __ (48)
L,=-6.79, AL, =1.1.

The total capital stocks and the output level of the
industrial sector are reduced and the output level of the
agricultural sector is reduced. As the leisure time
becomes more preferred, the urban area is reduced.
The effects on the distance-dependent variables for

0<w < L; are plotted in Figure 6.

From Figure 6, we see that an increase in the
propensity to use leisure time increases the urban lot
size The urban land rent is reduced in the city.

4.7. A Rise in the Propensity to Consume
Agricultural Goods

We now increase the propensity to consume
agricultural goods as follows: pu,:0.05=0.06. The

effects on the distance-independent variables are
summarized as follows:

AK =-4.80, Ar=13.89, Ap=823, Aw, =-1.96,
Aw, =202, AR, =116, AK;=-9.09,

AK,=9.09, AN;=-291, AN, =11.97,
ALy, =236, AF, =—480, AF, =555,

Af;=-196, Af,=-574, Ak;=-637,
Ak, =-2.58, Al, =-8.58, Ay, =-3.53,

ZEI = —4.59, qu = 579’ ZCi — _4-59,
Ay, =—182, Ak, =-2.90, Aq, =17.66,

Ac,=-290, AL, =-1299, AK,=-17.36,
AK, =873, AFr =091, AL, =-408,

AL, =1.02. (49)

0.5 1

1.5 2 2.5 3 3.5

An(w)=-354, AL(w)=3.67,

= — (50)
AR (w)=-797, 0<w<L;.

As the propensity to consume agricultural goods is
increased, the boundary between the urban and rural
areas moves nearer the CBD. That is, the urban area is
reduced as the population increases its preference for
agricultural goods. The total capital stock, K, the

output level of and the labor force and capital stocks
employed by the industrial sector, F;, and K;, are

reduced. The output level of, and the labor force, land
and capital stocks employed by the agricultural sector,
F,, N,, K,, and L,,, are increased. The rate of
interest, the price of agricultural goods and the rural

wage rate, r, p and w,, are increased. The urban
w;, is reduced. The land rent in the

countryside, R,, is increased. The total rent income
from the land, 7, is increased. The lot size in the

wage rate,

countryside, L,, is reduced. The capital intensity and
per worker output level of the industrial sector, k; and
fi, are reduced. The capital intensity, land intensity,
and per worker output level of the agricultural sector,
k,, l,and f,, are reduced. The per capita wealth

a
levels of the urban and rural areas, k, and k,, are
reduced. The consumption levels of the agricultural
goods both by the urban and rural residents, ¢; and
q,, are increased. The consumption levels of the

industrial goods both by the urban and rural residents,
¢, and c,, are reduced.

We also simulated the effects of an increase in the
population, specified by N:10=10.5. We don’t
represent the results as they provide few new insights.
An increase in the population increases K,K;,
K,,N;, N,, F,, F,, n, p,R, R,, reduces [, f,,
q;» 4.» Li(w), L,, and does not affect the other
variables. By simulation, we also show that an increase
in the territory (specified as L:20 = 21) increases N,

Loa» Eov Ly fis @ qu» L., Li(®), L;, reduces
5 1 1.5 2 2.5 3 3.5
-5
-10
R;,.n
-15
-20
-25

Figure 6: The Effects of a Rise in the Propensity to Use Leisure Time.
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K.K;, Koo Nis o kys 500 Sas ki K,

a’

7, and does not affect the other

Ci’ Caa n,
P R, w,, Ry,
variables.

5. CONCLUDING REMARKS

This study proposed a spatial growth model by
synthesizing the main ideas in the three key models in
the neoclassical growth theory and spatial economics.
The economic growth with economic geography has a
unique equilibrium point when the parameter values
are specified. We also analyzed changes in some
parameters upon the system.

We have limited our study to a simplified spatial
structure of the economic system. Many limitations of
this model become apparent in the light of the
sophistication of the literature of growth theory,
agricultural economics and spatial economics. The
Solow model is the key model in the neoclassical
economic growth theory and Alonso model is the key
model in the modern urban economics. Numerous
meaningful extensions of either of the two models have
already existed. Zhang (2005) has extended and
generalized the neoclassical growth theory in many
directions with the utility function used in this study. For
instance, following Zhang's models with endogenous
knowledge, the spatial economy may have multiple
equilibrium structures, which also implies the existence
of multiple rent structures over space. There is a large
literature on spatial economics (Fujita and Thisse,
2002; Forslid and Ottaviano, 2003; Henderson and
Thisse, 2004; Robert-Nicound, 2005). We may
introduce more realistic representations of housing
market dynamics and transportation systems with
congestion. We now point out a few more
straightforward extensions. For instance, we may
consider the economy as a small country. We may
consider a small economy has negligible impact on the
interest rate in globally open market. This assumption
has been accepted in the literature of international
economics. There are many small-country growth
models in the literature. With r being fixed, we can
examine the residential distribution, land rent
distribution, and economic growth by our model. It can
be seen that the mathematical analysis becomes
easier for an open small economy. Another extension
is to assume that the economy is a small and open city
in the national economy. In this case, both the utility
level and the rate of interest should be exogenously
fixed at the national levels. In the literature of the
modern urban economics, CBD is no more fixed as

assumed in this study. As shown in Fujita and Thisse
(2002: Chap. 6), various urban forms can be explained
due to communication externalities. See also Imai
(1982), Lucas and Rossi-Hansberg (2002), and
Berliant, Peng, and Wang (2002) for this direction of
research. Moreover, As far as von Thinen’s system is
concerned, the model does not bear much
resemblance to von Thinen’s original model.
Nevertheless, the model takes account of some
features of von Thinen’s model. | consider that
different agricultural products in von Thinen’s model
are highly aggregated into a single agricultural product.
The high aggregation loses the main feature of von
Thinen’s original work. This simplification can be
relaxed by assuming a variety of agricultural products
with the distinct features as in von Thinen’s original
work, still using the linear system. The essential
conclusions of the paper may not be much affected,
except some new insights into distribution and
production of agricultural products.

APPENDIX: PROVING LEMMA 1

This study is concerned with equilibrium of the
model, as a full dynamic analysis is too complicated.
By equations (14) and (19), at equilibrium we have

s_,-:I;j,j:i,a. (A1)

Substitute equations (30) into equations (13) and
(18)

k. k.
() &) A2
A\ A A\
L(0)= Fx o) F @) =T
a_lp’ a_/’L’La_lRa’ya_l. (A3)

From 3, =k /A, 3,=k,/A, and the definitions of
3 and 3,, we solve

k= —t— (A4)

k o=latl (A5)

in which f,.(r)=1/A—1- r. Substituting equations (A2)
and (A3) into the utility functions and then using
U;(0)=U,(w) and U;(w)=U,, we obtain
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(AB)

Ri(o) (MJ(l/p—a)/(%—a) [Mja/(no_a)
k; (0) T,(0) ’

77 (0)k"" (o) R ™ (0) = 0kPR,™, 0<w <L, (A7)

where

0,(n)
0==-=—-1.
9,-(1)

Multiplying the first two equations in (A2) by n(®)
and then integrate the resulted equations with regard to
o from 0 to L;, we have
L 7 L z
[a(@)n(@)do =25 [ (@)n(@)do = =5,

0

Insert the first equation in (A8) into equation (26)

K.
%"'ana:EJ
p

Substituting ¢, = uk,/Ap from (A2) into the above
equation, we obtain

uK

—=pfaNa’

N (A9)

where we use equation (28). From equations (2) and
(4), we solve

ok f.
pf, = kel (A10)
o k;
Substituting equation (A10) into equation (A9) yields

K; -
L=k P,
K

a

(A11)

where we also use K,=k,N, and K; +K,=K, and

o, =o;AA /o,u. From  equation  (A11)  and
K, +K,=K, we solve
B B
K,-=(1—k’ ]K, Ku=k’K. (A12)
o o

From K, =KkN; and the first equation of (A12), we
solve

B B;
N; = -k 5, N,=N- -k 5,
o |k o |k

1

(A13)

where we use N;+N,=N. By K,=k,N, and
equations (A12) and (A13), we solve
.H'Bf[(
k, = ki .
o Nk; — (oc1 - k,ﬁ )K

(A14)

Using n=1/L;,, from equations (A2), we have
R.(w)=nn(w)k,(w)/A. Integrating this equation with
regard to @ from 0 to L;, we have

[ R (0)do - ”f" . (A15)
0

From equations (4) and (A3), we have
RaLOu = gpfaNa > RuLllNll = nf‘l : (A1 6)

From equations (6), (7), (A15), (30) and (A16), we
have

7N=%+gpfaNa.

Substitute equation (A10) into the above equation
F=7K, (A17)

where we also use equations (A12) and
=(n+gu)/AN. From equations (23), (25), (A1)-(A3),
we obtain

c:%’(,szn (A18)

Substitute these equations into equation (24)

3

(S8 Jx=n, (A19)

where we use F; = N,f;. Inserting the equation for N;
in equations (A13) into the above equation, we solve

-UB,
£ )1 1

k=4 2+68, |—+— .

' {(l-‘- , A,-+a1

From equation (A20), we see that we can treat &;

as a parameter in the remainder of the proof. From
equations (2), we also solve r and w;.

(A20)

From equation (A7), at @ = L, we have
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77 (L)K"P (L, )RS = 0k, . (A21)
Substitute (A10) into w, =B, p f, in (4)
W, wo K (A22)

:alNki—(ocl—k,ﬁ")K’

where we use equation (A14) and w, = /iaa,-kffﬁ/aa.

Substitute equations (A17) and (A22) into equations
(A4) and (A5)

E(w)="tTK=Te(@) e,

f; 1

= w _ 5
k= oclNki—(o(zl—kf’f)K+n £

(A23)

in which k;,w,,w; and f. are already known. We see
that k(L;) and k, are functions of K and L;. We now

solve K and L,. Adding the two equations in (A16)
yields

_cofiK, o,k +nK, /A
B L-L '

l

R,=A,(K.L)

a

(A24)

Substitute equations (A23) and (A24) into equation
(A21), we have

Thﬁ(zi)[wi +7NK - Fc(i,-):r/p_a A;’(K, Z,-) _
W, v oK"P (A25)
0 +7
alNki—(Oll—klp")K e

This equation contains two variables, K and L;. In
general, it is impossible to explicitly solve the equation.
But if we neglect the travel cost, that is, I'.(L;)=0,
and assume the urban amenity to be constant, that is,
a=0, then we can explicitly solve L; as a function of
K. If a=0 and p=1,we can also explicitly solve L,
as a function of K. Without loss of generality, we
assume that equation (A25) determines a unique
relation between K and L, denoted by L, = A(K).
We now try to solve K.

From equations (A2) and (A6), we obtain

_ (1/p-nJ(ny—a) o/(11p—a)

Integrating equation (A26) from 0 to L, = A(K)
with regards to @, we have

B; L~ (”P"Iu)/(’lu_“) 0'/(770_‘1)
[1- L& -nio [ o) (Ll o, (427

o i "N 7,(0)

where we also use equations (21) and (A13).
Substitute R (w)=nn(w)k;(w)/A from (A2) into
equation (A7)

Tf(w)@l’f’-"o(w)na~o<w>:[&]“‘"°

n (A28)
Ok/PR™, 0<w< L.
Evaluating this equation at @ =0, we have
— _ ll(a—no)
1/p p=1y
n(o)=(ij BLL7 T (A29)
nLTy (0)k; P~ (0)

As L, K, and K, are functions of K, the right-
hand side of equation (A24) is a function of K.

Substituting equation (A24) into equation (A29), we
have

A erveam
n(0)= A (K)= (Hj{—n" (0;15”/’3"0 (0)} . (A30)

We thus can determine the residential density at the
CBD, n(0), as a function of K. Substituting equation
(A30) into equation (A27), we have

a()=1- 4 £

1

(K) / — 1/p=1}(no—a o/(ny-a (A31)
| (./g(w)]( i )[mw)j " do=o.
0

k(0) 7, (0)

Equation, ©(K)=0, contains a single variable, K.

As it is not easy to explicitly explain conditions for
existence of solution, we will demonstrate existence of
spatial economic equilibrium by simulation.
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